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Abstract. This is an account of some aspects of the geometry of Kahler affine metrics based 
on considering them as smooth metric measure spaces and applying the comparison geometry of 
Bakry-Emery Ricci tensors. Such techniques yield a version for Kahler affine metrics of Yau's 
Schwarz lemma for volume forms. By a theorem of Cheng and Yau there is a canonical Kahler 
affine Einstein metric on a proper convex domain, and the Schwarz lemma gives a direct proof of 
its uniqueness up to homothety. The potential for this metric is a function canonically associated 
to the cone, characterized by the property that its level sets are hyperbolic affine spheres foliating 
the cone. It is shown that for an n-dimensional cone a rescaling of the canonical potential is an 
n-normal barrier function in the sense of interior point methods for conic programming. It is 
explained also how to construct from the canonical potential Monge- Ampere metrics of both Rie- 
mannian and Lorentzian signatures, and a mean curvature zero conical Lagrangian submanifold 
of the flat para-Kahler space. 



1. Introduction 

By theorems of S. Y. Cheng and S. T. Yau, the geometry of a proper convex cone is encoded in 
a single function, called here the canonical potential, defined as the solution of a certain Monge- 
Ampere equation on the cone and characterized by the property that its level sets are the hyperbolic 
affine spheres foliating the cone's interior. For a homogeneous cone, the canonical potential equals 
a scalar multiple of the logarithm of the usual characteristic function of the cone, and many of 
the nice properties of the characteristic function of a homogeneous cone are best understood as 
specializations of properties of the canonical potential of a general proper convex cone. The lift 
of the canonical potential to the tube domain over the cone is a potential for the unique complete 
Kahler Einstein metric on the tube, and Cheng and Yau's proofs of the existence and uniqueness of 
the canonical potential use their solution of the associated complex Monge- Ampere equation and 
Yau's Schwarz lemma for volume forms on Hermitian manifolds. 

One theme of this article is that it is useful to regard a Kahler affine metric as a kind of 
smooth metric measure space. In particular, for a proper convex cone, the comparison geometry 
of Bakry-Emery Ricci tensors and the associated Bakry-Qian comparison theorem for the modified 
Laplacian can be used in place of the comparison geometry of a Kahler metric on the associated tube 
domain. As a principal example, this approach is used to prove a version for Kahler affine metrics 
of Yau's Schwarz lemma for volume forms on Hermitian manifolds. This yields a direct proof of 
the uniqueness of the canonical potential. It also gives a clear illustration of the philosophy behind 
the comparison geometry of Bakry-Emery Ricci tensors. One thinks of bounds on a Bakry-Emery 
Ricci tensor as corresponding to bounds on the ordinary Ricci tensor of some metric fibering over 
the given metric measure space. Here this idea has a concrete realization - the fiber space is the 
aforementioned tube domain. In this case, as in several others considered in the text, the novelty 
is more the point of view than the ultimate conclusion, although some of the results described do 
not seem to be as well known as they deserve to be. 

It seems that for theoretical purposes the canonical potential of a cone is at least as useful as 
the usual characteristic function. As an illustration, it is proved that the canonical potential of 
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an rt-dimensional proper convex cone is an n-normal barrier for the convex cone in the sense of 
interior point methods for conic programming. The same result, with a universal constant times the 
dimension in lieu of the dimension alone, has been proved by Y. Nesterov and A. Nemirovskii for a 
multiple of the logarithm of the characteristic function called by them the universal barrier. That 
the canonical potential has this property is a consequence of the nonpositivity of the ordinary Ricci 
tensor of the Hessian metric that it generates. While this can be deduced from the nonpositivity 
of the Ricci curvature of the equiafhne metric of its level sets proved by E. Calabi and a splitting 
theorem of J. Loftin, here it is proved directly as a further illustration of the utility in this context 
of the comparison geometry of the associated metric measure space described in the preceeding 
paragraph. 

A secondary theme is that a number of interesting geometric structures associated to a convex 
cone can be constructed from its canonical potential. Beyond the afhnc spheres arising as the level 
sets of the canonical potential, there are a pair of Monge- Ampere metrics with potentials equal to 
a function of the canonical potential, and the graph of the differential of the canonical potential is 
a mean curvature zero spacelike Lagrangian submanifold of the flat para-Kahler structure on the 
product of the cone with its dual. 

1.1. The remainder of the introduction describes the contents in detail and states the main results. 
This paragraph records some notational conventions used in the paper. The abstract index and 
summation conventions are used throughout the paper. In particular, indices serve as formal 
labels indicating tensor symmetries, and do not refer to any particular choice of basis unless so 
indicated. For example, 5i 3 indicates the canonical pairing between vectors and covectors, and 
A p p indicates the trace of the endomorphism Ai J . Enclosure of indices in square brackets (resp. 
parentheses) indicates complete skew-symmetrization (resp. symmetrization) over the enclosed 
indices, so that, for instance, the decomposition of a covariant bivector into its skew and symmetric 
parts is Aij = Auj-i + Auj\ . An enclosed index delimited by vertical bars is to be skipped in such a 
(skew)-symmetrization, e.g. 2^4[ i | J -| fc ] = A l]k - A kji . 

1.2. Let M be a smooth manifold. Following [T3], a pair (V,g) comprising a flat afhne connection 
V and a pseudo-Riemannian metric g on M such that V^g^ = is called a Kahler affine metric. 
This means that every point of M has an open neighborhood in which there is a potential function 
F such that gij — VidFj. Everywhere in what follows, indices are raised and lowered using gij and 
the inverse symmetric bivector g % K A Kahler affine metric will be said to be a Hessian metric if 
there is a globally defined potential. While this terminological distinction between Kahler affine and 
Hessian metrics is not completely standard, it seems to be useful. Background on these structures 
can be found in H. Shima's book [63]. Kahler affine metrics were first studied as such by S. Y. 
Cheng and S. T. Yau in [T3] and H. Shima in [52] . A slightly restricted special case had been 
studied earlier in [J2] and [23], where J. L. Koszul proved that the universal cover of a compact flat 
affine manifold (Af, V) is a divisible convex domain if and only if M admits a closed one-form a 
such that Va is a Riemannian (and so Kahler affine) metric (by a theorem from J. Vey's [70], the 
convex domain must be cone). 

For a flat affine connection V and a smooth (meaning C°°) function F, write 

(1-1) F il ... ik =V il ...V ik _ 1 dF ih . 

Since the tensor gty = Fij and its covariant derivatives are globally defined on a Kahler affine 
manifold, even though the potential F need not be, for any k > it makes sense to write i r i 1 ...i fc ij 
for Vjj ...\7i k gij, and this can be interpreted as a derivative of any local potential of g, or of 
a global potential of g, should such exist. In particular, the completely symmetric cubic tensor 
Fijk = Vj^-fe and its contraction Fi p p = g pq Fi pq will be used frequently. 



SCHWARZ LEMMA FOR KAHLER AFFINE METRICS 



3 



Given a flat affine connection V, there is associated to any nowhere vanishing density uj of 
nonzero weight the closed one-form Vlogcj = oj^ 1 ® Vw. For a Kahler afhne structure (V, g), det g 
is a nonvanishing 2-density, and the associated 1-form Hi = V* log det g = Fi p p is the Koszul 
form of the Kahler afhne structure. The (Kahler affine) Ricci tensor and (Kahler affine) 
scalar curvature k of a Kahler affine metric are defined by K%j — —ViHj and K = g v Kij. Note 
that the Kahler afhne Ricci tensor and scalar curvature are not the same as the Ricci tensor and 
scalar curvature of g. A Kahler affine metric is said to be Einstein if K^ is a multiple of g^. 
Lemma 15.21 shows that in this case k is constant. 

Given a fixed V-parallel volume form ^, define a differential operator H(F) on functions by 
det VdF = H(F)* 2 . Where H(F) is nonzero, gij — F^j is a pseudo-Riemannian Hessian metric and 
Hi = di\og\-\(F). In this case Kij = — Vidlog H(F)j. In particular, any solution of \~\(F) — ae bF , 
where a € R x and b <E R, gives a Hessian metric which is Einstein in the Kahler affine sense. 

The automorphism group Aff(rj + 1, R) of V comprises the affine transformations of R n+ . On 
R™ +1 , H(F) is defined with respect to the standard volume form, which is always denoted 1 i>. Let 
£ : Att(n + 1, R) — > GL(n + 1, R) be the projection onto the linear part, so that the kernel of the 
character det 2 £ : Aff(n + 1, R) ->• R+ comprises the unimodular affine transformations preserving 
* up to sign. For F € C°°(R™ +1 ) and g E ASS(n + 1, R) define (g ■ F)(x) = F{g- 1 x). Then H(F) is 
affinely covariant and equiaffinely invariant in the sense that 

(1.2) 5 -H(F)=det 2 ^)H( 3 -F). 

In particular the Kahler affine Ricci tensor of the metric generated by g ■ F is the pullback via the 
action of g of that generated by F. 

A smooth or Riemannian metric measure space (M, k, <j>) is a manifold M equipped with 
a Riemannian metric k and a positive function (f> G C°°(M) 1 which is identified with the volume 
form </>voh. Here the modifier smooth will usually be omitted and these spaces will be referred to 
simply as metric measure spaces or mm-spaces. A slightly more general structure is given by a 
Riemannian metric k and a closed one- form a. There seems to be no established terminology for a 
manifold M equipped with such a pair (k, a); here it will be called a local (smooth, Riemannian) 
mm-space. The mm-space (M, k, 4>) is a local mm-space with one-form a = <ilog0. A local mm- 
structure (k, <f) is complete if k is complete. 

The (A r +n)-dimensional Bakry-Emery Ricci tensor R(N)ij associated to the n-dimensional 
local mm-space (M, k, a) is defined by 

(1.3) R(N)ij = Rij - Diaj - jjCtiaj, 

in which is the Ricci tensor of the Levi-Civita connection D of kij . If a = d log <fc, then R(N)ij — 
Rij — N(f)~ l i N Did{4> 1 ' n )j and the oo-(Bakry-Emery)-Ricci tensor R(oo)ij = Rij — Diaj results 
formally when N — > oo. The oo-Ricci tensor was introduced by A. Lichnerowicz in 46] where he 
used it to prove a generalization of the Cheeger-Gromoll splitting theorem. 

The idea related to these tensors relevant in what follows is that a lower bound on the (N + n)- 
dimcnsional Bakry Emery Ricci tensor of the metric measure structure (k, <fi) on the n-manifold M 
corresponds to a lower bound on the usual Ricci curvature of some metric associated to (k,(f>) on 
some (n + iV)-dimensional manifold fibering over M. In the example relevant here, N = n and the 
fibering manifold is the tube domain over an n-dimensional convex cone. 

One aim of this paper is to explain that it is profitable to regard a Riemannian Hessian metric 
9ij = ^idFj as the mm-space determined by g^j in conjunction with the volume form H(F)^ = 
H(F)V 2 vol ff , which is the pullback via the differential dF of the parallel volume form dual to on 
the dual affine space R™ +1 *. More generally, a Kahler affine structure (g, V) is identified with the 
local mm-structure formed by g and the half Koszul one- form \H L . 
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The specialization to local mm-spaces of a distance comparison theorem of D. Bakry and Z. Qian 
is stated here as Theorem 13.11 The proof of the Schwarz lemma for volume forms on Hermitian 
manifolds given by Yau and N. Mok in [51] is adapted to the setting of Kahler afhne metrics 
by substituting for the usual Riemannian distance comparison theorem the Bakry-Qian distance 
comparison theorem applied to the local mm-space associated to the Kahler afhne metric. This 
theorem involves the modified Laplacian A g + ^H p D p instead of simply A g . There results Theorem 
11.11 a version for Kahler affine metrics of Yau's Schwarz lemma for volume forms (see [75] , [54] , [9] , 
and [55]). 

Theorem 1.1. Let V be a flat affine connection on the (n + I) -dimensional manifold M and let 
gij be a complete Riemannian metric on M constituting with V a Kahler affine structure such 
that the Kahler affine Ricci curvature Kij of g is bounded from below by a multiple of g and the 
Kahler affine scalar curvature k of g is bounded from below by —A(n + 1) for some positive constant 
A. Suppose uj is a C 2 volume form on M such that — V^Vj logw is negative definite and satisfies 
2det VVlogo; > Buj 2 for some positive constant B. Then {uj/yo\ g ) 2 < A n+1 /B. 

For a Hessian metric gq — VidFj with V-parallel volume form the conclusion of Theorem 
11.11 is stated as follows. Consider a volume form uj and write uj 2 = V 1 ^ 2 . The hypotheses on 
uj are equivalent to the negativity of — WidlogVj and H(logl^) > BV . The conclusion is that 
V/H(F) < A n+1 /B. 

1.3. A domain means a nonempty open subset of R™ . A convex domain ft C R" +1 is proper 
if its closure contains no complete affine line. A subset il C R n+1 is a cone if e t x £ ft whenever 
ieS]. A convex cone is proper if and only if the open dual cone 

Q* = {y e R n+1 * : x p y p > for all x e Cl \ {0}} 

is not empty (for background on convex cones see chapter I of [17] or [70]). The automorphism 
group Aut(fi) comprises g € Aff(n + 1, R) preserving ft. 
When n is a proper convex domain, Theorem 11.11 yields 

Corollary 1.1. Let fl C R™ +1 be a proper convex domain and let F £ C°°(J7) be a convex solution 
of H(_F) = e 2F such that g^ = Vjd-Fj is a complete Riemannian metric on f2. If G € C 2 (f2) is 
convex and satisfies H(G) > e 2G then G < F. 

Proof. Theorem [TT] applies with uj = e G *, B = 2" +1 , and A = 2. □ 

It follows from Corollary 11.11 that if there is a complete Kahler affine Einstein metric on f2, then 
it is unique up to homothety, and Aut(fi) acts on it by isometries (see ([T]) of Theorem II .3[) - In 
particular, in the case that is a proper convex cone, taking g € Aut(f2) to be a radial dilation, 
this implies that F is logarithmically homogeneous. 

The Kahler afhne Ricci tensor is defined in analogy with the Ricci form of a Kahler metric, and 
Kahler afhne metrics were introduced as real analogues of Kahler metrics. Actually the relation is 
more precise, as is explained now, following [13] . The tube domain tt : — > VL over 57 C R™ +1 
is the subset T n = fi + iR™ +1 of C" +1 fibered over fi via the projection 7r(^) = \{rJ + z j ). The 
inclusion ft — > Tq is totally real. If the manifold M is equipped with a flat affine connection V, 
then the tube domains over affine coordinate charts patch together to give a complex manifold 
Tm and a fibration ir : Tm — > M with totally real section M — > 7m- If A € C°°(Q) is convex 
then uj = dd c ir*(A) = 2\dd7T*(A) = ^A i j{x)dz l A dz 3 is the Kahler form of the Kahler metric 
Gfj = A i j{x)dz l ® dz 3 , and Gq is complete if and only if the Hessian metric with potential A is 
complete. In the same way a Kahler affine metric on M lifts to a Kahler metric on 7m- The Ricci 
form of the Kahler afhne metric with local potential A is simply the restriction to M of the Ricci 
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form of the Kahler metric on 1m with Kahler potential tt*(A) (this accounts for the sign in the 
definition of Kij). 

Corollary 11.11 can also be proved by considering the Kahler metrics generated on 7q by the 
potentials tt*(F) and 7r*(G) and applying Yau's Schwarz lemma for volume forms. This is explained 
in detail in section [4721 The lower bound on the Ricci curvature of the Kahler metric on 1^ plays 
a key role in the proof of Yau's Schwarz lemma, as it gives, via the usual Riemannian comparison 
theorems, control over volume and distance on Tq. However, it is not clear what these conditions 
mean directly for the geometry of the underlying Hessian metric. This is precisely the sort of 
situation for which the Bakry-Emery Ricci tensors and the corresponding comparison geometry are 
well suited. On page 350 of [13] the analytic difficulties associated with the non-self-adjointness 
with respect to vol ff of the modified Laplacian A g + \H p D p associated to the Kahler affine metric 
(V,g) are given as motivation for working instead on the tube domain. On the other hand, the 
operator A g + ^H p D p is formally self-adjoint with respect to the volume H(i r )\f f = H(F) 1 / 2 vol g , and 
so the same considerations suggest the viability of working directly with the mm-space (g, H(F) 1 / 2 ). 
Via (|3.13[) , a lower bound on the Kahler affine Ricci tensor yields a lower bound on the 2(n + 1)- 
dimensional Bakry-Emery Ricci tensor of this mm-space, and using this bound, the corresponding 
distance comparison theorem for the modified Laplacian A g + ^H p D p due to Bakry-Qian leads to 
the Schwarz lemma for volume forms of Hessian metrics, Theorem ll.il The overall strategy of the 
proof is just as in the Kahler case, with the Bakry-Emery Ricci tensor and modified Laplacian in 
place of the usual ones. This provides a compelling example illustrating the utility of the formalism 
of metric measure spaces and Bakry-Emery Ricci tensors, in which it can be seen quite clearly 
how bounds on the Bakry-Emery Ricci tensor encode bounds on curvatures obtained from some 
manifold fibering over the one of interest. 

1.4. From the affine covariance (|1.2j) it follows that the Kahler affine geometry of a Hessian metric 
with potential F is closely related to the equiaffine geometry of the level sets of F. Let I C R be 
a connected open interval and let ip : I —> R be a C 2 diffeomorphism. Let fli = n ft. The 

level sets of F and ip o F are the same, just differently parameterized, in the sense that for r G I 
there holds 'E r (F, 51/) = Ti^/ r ^(ip o F,tt). For a diffeomorphism rp : I R there holds 



condition tend also to fix the external reparameterization ip. That is, such a condition imposes some 
coherence condition on the family of level sets of F. In particular, for a logarithmically homogeneous 
potential F the Kahler affine Einstein equations are essentially equivalent to the statement that 
its level sets are affine spheres. After recalling the necessary terminology and introducing some 
notation, the precise statement is given below as Theorem II .21 

Let V be the standard flat affine connection on R™ +1 . It preserves the standard volume form 
A co-oriented hypersurface E in flat affine space is nondegenerate if its second fundamental form 
is nondegenerate. A transverse vector field N defined in a neighborhood of E determines a splitting 
of the pullback of TR" +1 over £ as the direct sum of T£ and the span of N. Via this splitting, the 
connection V induces on E a connection V, while via N, the second fundamental form is identified 
with a symmetric covariant two tensor honS. Additionally there arc determined the affine shape 
operator S G r(End(TE)) and the connection one-form r E T(T*E). For vector fields X and Y 
tangent to E the associated connection V and tensors h, S, and r are related by 



in which r)(ip) = (flog ip 



(1.4) 




(1.5) 



V x Y = V x Y + h(X,Y)N, 



S(X) + t(X)N. 



Here, as in what follows, notation indicating the restriction to E, the immersion, the pullback of 
TR n+1 , etc. is omitted. Tensors on E are labeled using capital Latin abstract indices. Let h 
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be the bivector dual to hij. The equiaffine normal vector field W is determined uniquely by 
the requirements that it be co-oriented, that nri + h p ®V ihpQ = 0, and that the induced volume 
density |i(W)\I r | equal the volume density of the metric h. These conditions imply, in particular, 
that the equiaffine connection one-form 77 vanishes identically. The corresponding hjj and Si J 
are the equiaffine metric and equiaffine shape operator. The affine mean curvature is the 
arithmetic mean H = — Si 1 of the eigenvalues of the equiaffine shape operator. The distinguished 
affinely invariant line field on S spanned by W is called the affine normal distribution. 

A co-orientable locally uniformly convex hypersurface E C R™ +1 is co-oriented so that a co- 
oriented transverse vector field points to the convex (or interior) side of E, namely that side in 
the direction of which a parallel translate of a supporting hyperplane intersects the hypersurface. 
In this case the equiaffine metric is Riemannian and E is said to be complete if the equiaffine 
metric is complete. 

A nondegenerate hypersurface E is a proper affine sphere if its equiaffine normals meet in a 
point, its center, and an improper affine sphere, if they are parallel, in which case E is said to 
have center at infinity. An equivalent definition is that the affine shape operator is a multiple 
of the identity, ft follows from the Gauss-Codazzi equations that in this case H. is constant. A 
locally uniformly convex affine sphere is hyperbolic, parabolic, or elliptic, according to whether 
its affine mean curvature is negative, zero, or positive. Clearly E is a parabolic affine sphere if and 
only if its equiaffine normals are parallel, while E is an elliptic or hyperbolic affine sphere if and 
only if it is proper and its center is in its interior or exterior, respectively. 

A function F is a-logarithmically homogeneous on the open subset 51 £ R n+1 if F{e t x) = 
F(x) + at for all t £ R and x £ 51 such that e t x £ 51. The space of C°° smooth a-logarithmically 
homogeneous functions on 51 is written £ Q (51). For an open subset 51 c R™ +1 and F £ C°°(51), let 



Theorem 1.2. Let a < 0. Let 51 C R" +1 and I C R be nonempty, connected open subsets. For 
F £ £ Q (51), let 51/ = n 51 and suppose = VidFj is positive definite on 51/. The following 

are equivalent: 

(f) For all r £ I each connected component of E r (i 7 ', 51/) is a hyperbolic affine sphere with 
center at the origin. 

(2) There is a nonvanishing function (f> : L — ¥ R such that F solves H(i r ) = 4>(F) on 51/. 
In this case there is a constant B^O such that 4>{r) = B e -2(n+i)r/a and the 

affine mean curvature 



Note that no regularity assumptions are made on the function <f> of ([2]), although such conditions 
follow automatically from the logarithmic homogeneity of F. Theorem If .21 is proved at the end of 
section [21 With minor modifications, Theorem 11.21 is true in arbitrary signatures (see [21]). (Such 
a modification is necessary even to include the case of elliptic affine spheres, as these are the level 
sets of a potential for a Lorcntzian Hessian metric.) 

If F solves H(F) = 0(F) then t ■ F(x) = F{e~ t x) solves H(i ■ F) = e - 2( - n+1 ^t ■ H(F), so B can 
be taken to be ±1 by replacing F by t ■ F(x) with 2(n + l)t = log|£>|. Put in another manner, 
the value of the level has no intrinsic meaning, although the difference or ratio of the values of two 
levels has. 

1.5. In fact, the classification of complete hyperbolic affine spheres can be founded on the study of 
the equation H(F) = e 2F . While this must have been understood in some form to Cheng and Yau, 
it does not seem well known, except for accounts by J. Loftin in [33] and [SO], and so is described 
here in some detail. 



E r (F,51) = {x £ 51 : F(x) = r}. 



of E r (_F', 51/) is 
(1.6) 
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The locally uniformly convex affine spheres are constructed in full generality due to work of 
Cheng and Yau in [11], [13], and [14]. Precisely, they show that there is a unique foliation of the 
interior of a proper open convex domain Q C R ,l+1 by affine complete properly embedded hyperbolic 
affine spheres having center at the vertex of f2 and asymptotic to its boundary. A precise statement 
containing some additional information is given as Theorem 14.11 below. Results of this sort were 
conjectured quite precisely by E. Calabi in [6] and [7]. The underlying ideas originate with C. 
Loewner and L. Nirenberg's |47j . Cheng and Yau attribute part of their theorem to independent 
unpublished work of Calabi and Nirenberg, and presumably for this reason did not publish all the 
details of the argument in a single place, so it is useful also to consult [55], [5DJ, [22], [23], [U], 05], 
and [67]. 

A complete proof of the Cheng- Yau Theorem has three basic parts: the existence of the affine 
spheres, obtained by solving some Monge- Ampere equation; the uniqueness, obtained by some sort 
of Schwarz lemma; and the extrinsic claims regarding completeness and the asymptotic properties. 
These last claims and the relation between affine and Euclidean completeness will not be discussed 
here, as they are now understood in a more general context due to the work of N. Trudinger and X.- 
J. Wang; see [67] and [66]. As is recalled briefly in section l4~3l the existence part of the theorem is 
usually proved by appealing to a theorem of Cheng- Yau which produces a negative convex solution 
to the Dirichlet problem for the equation u™ +2 H(u) = (—1)" on the set of rays P + (£!) in il. In 
section 14.11 below there is described how the existence can be based on the following theorem of 
Cheng and Yau (resolving a conjecture made by Calabi on page 19 of [7]). 

Theorem 1.3 (S.Y.Cheng and S.T.Yau, [T2J, [T3], [H]). On a proper open convex domain il C R n+1 
there exists a unique smooth convex function F : ft — > R solving \~\(F) — e 2F , tending to +oo on 
the boundary dQ of Q, and such that gij = VidFj is a complete Riemannian metric on fl forming 
with the standard fiat affine connection V a Kahler affine Einstein metric with Kahler affine scalar 
curvature —2. Moreover, this F has the following properties: 

(1) F(gx) = F(x) — log det ^(g) for all g £ Aut(J7). This implies gij is Aut(f2) invariant. 

(2) For all x en, 

(1.7) F(x) = sup{G(a;) : G £ C 2 {fl),G convex in Q, and H(G) > e 2G } 

Given a proper open convex domain fl, the unique solution F of H(_F) = e 2F such that gij = WidFj 
is a complete metric on f2 given by Theorem [173] will be called the canonical potential of fi, and 
the Hessian metric will be called the canonical metric of ft. Sometimes there will be written 
Fq to indicate the dependence of F on ft. 

Proof of Theorem \1.3l The solvability of the equation on a bounded convex domain follows from 
Corollary 7.6 of [T2]. In section 4 of [13], Cheng and Yau resolved the unbounded case, constructing 
the solution as a limit of solutions on bounded convex domains exhausting the domain ft. A self- 
contained proof of the existence is given also in [24] . The uniqueness of the solution follows from 
Corollarv ll.il Although the uniqueness in the unbounded case was not stated in [13] . it was surely 
known to the authors, as it follows from Yau's generalized Schwarz lemma for volume forms on 
Hermitian manifolds, in the form stated in |54] or [9], applied on the tube domain over ft, as is 
explained in section |4~21 

Let g £ AK(n + 1, R) and let F be the canonical potential of ft. Since Vd(g ■ F — log | det £(g)\) = 
Vd(g ■ F) = (VdF), where L g denotes the action of g by left multiplication action, the Hessian 
metric determined by g ■ F — log | det^(g)| is complete since the Hessian metric determined by F 
is. By CL2]), if g e AU(n + 1, R), then H(g ■ F - log | det£(g)\) = e 2 (f- F - 1 °g I det%)|)_ It follows from 
the uniqueness of the canonical potential that g ■ F — log | det £(g)\ is the canonical potential of g£l. 
In particular, if g £ Aut(il) it must be g ■ F — log | det^(<?)| = F. This proves JTJ). 
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The characterization ([2]) of F(x) as the supremum of G(x) taken over all G 2 convex functions G 
satisfying H(G) > 2G is immediate from Corollarv ll.il □ 

1.6. The canonical potential F of the proper convex cone 17 is a counterpart to the usual (Koecher- 
Koszul-Vey) characteristic function 4>a of 17, which is the positive homogeneity — n — 1 positive 
function defined by 

(1.8) <fa(x) = f e- xPy *dy = n! f (x^)-"- 1 da(v) = n\ vo\({y e 17* : x p y p = 1}), 

JW Jsnn* 

where S is the Euclidean unit sphere in R™ +1 , and da is the induced volume on S. For the 
convergence of the integral defining </>q and the basic properties of <fo see [7T] , [IT] , or [7^ . Relevant 
here are that <Pq(x) — > +oo uniformly as x tends to the boundary of 17, that V<i</>n and Vdlog^o 
are positive definite, and that g ■ <fin = \ det £(g)\<p g .Q for any g £ AK(n + 1, R). 

As is explained in section 14.51 for a homogeneous convex cone 17 the function log </>q solves 
H(G) = ce 2G for some positive constant c. It follows that in this case, as a consequence of the 
uniqueness of the canonical potential, 4>n equals a constant multiple of e Fn . In section 14.41 it is 
shown that most of the nice properties of the usual characteristic function for a homogeneous cone 
are valid on any proper convex cone for e Fn , and so should be understood as consequences of the 
identification of <f>n with a multiple of e Fn in the homogeneous case. 

1.7. Theorem 14.31 of section |4~B1 shows that for the canonical potential F of a proper open convex 
cone 17 the graph of minus the differential of the positive homogeneity 2 function u = — ((n + 
l)/2)e -2F /(" +1 ) is a mean curvature zero nondegenerate conical Lagrangian submanifold of the 
canonical flat para-Kahler structure on 17 x 17*. Closely related constructions have been made by 
the author in [20] and [19] and by R. Hildebrand in '3S and [32]. By (|1.4[) . u satisfies H(u) = — 1, and 
so the ordinary graph of u is an improper affine sphere. Although the Hessian of u has Lorentzian 
signature, this result is suggestive in light of M. Warren's result in [73] showing that the graph of the 
differential of a G 2 convex function over a bounded, simply connected domain with G 1 boundary 
is, in the metric induced by the ambient fiat para-Kahler metric, the unique volume maximizer 
among spacelike, oriented submanifolds in its homology class if the graph of the function itself is an 
open subset of an improper affine sphere. Other interesting properties of the function u are given 
in Theorem ll.8l b elow . 

1.8. The following notions were introduced by Y. Nesterov and A. Nemirovskii, [57], (see also 
chapter 4 of [56] and the survey |55j ) in the context of interior-point methods for the resolution 
of convex programming problems. For a > 0, a function F on an open convex set 17 C R" +1 is 
a-self-concordant if F is at least three times differentiable and convex on 17 and there hold 

(1) F is a barrier for 17 in the sense that F(xi) — > oo for every sequence {xi} € 17 converging 
to a point of the boundary 317. 

(2) 

(1.9) a{v'vH k F t]k {x)) 2 < 4(wV'F y (x)) 3 - 4\v\ 6 g , 

for all v E R™ +1 and x £ 17, where g^ — WidFj. 

The notion of self-concordance is afhnely invariant in the sense that if F is self-concordant on 17 
then g-F is self-concordant on g!7 for g € Att(n + 1, R). By Corollary 2.1.1 of [57] , a self-concordant 
function is nondegenerate if its Hessian is nondegenerate at a single point. Note that if F is a- 
self-concordant then a _1 F is 1-self-concordant. A 1-self-concordant function for which there is a 
constant v > 1 such that for all x € 17 and v £ R n+1 there holds 



(1.10) 



(v l F(x)) 2 <^(x)«V =Ml, 
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is called a self-concordant barrier with parameter v for (the closure of) VL. By the Schwarz 
inequality, the condition (|1.10[) is automatic if F is (—v) -logarithmically homogeneous. A (—v)- 
logarithmically homogeneous 1-self-concordant function for f2 is called a (/-normal barrier for 

n. 

Theorem 1.4. The canonical potential F of the proper open convex cone fl G , is an (n + 1)- 
normal barrier function for fl. 

I thank Roland Hildebrand for bringing to my attention that he has independently obtained 
Theorem 11.41 which appears as Theorem 1 of his paper |34j (see also remarks in the introduction 
to his [35]). O. Guler has informed me that he conjectured a result like Theorem 11.41 more than a 
decade ago. Although here no direct use is made of their results, Giiler's papers [26], and [27], and 
[28] brought to my attention the connection between self-concordance and the canonical potential. 
Theorem 2.5.1 of 57 shows that an appropriate multiple of the logarithm of the characteristic 
function c/)q, called there the universal barrier, is a c(n + l)-normal barrier for for some 
absolute constant c not depending on n. This shows that an arbitrary proper open convex cone 
in (n + l)-dimensional space admits an 0(n + l)-self-concordant barrier. Theorem 11.41 shows that 
in fact the 0(n + 1) can be replaced by exactly n + 1. While this is interesting theoretically, as 
it sharpens the result of Nesterov-Nemirovskii on the existence of barriers, it is not clear whether 
it apports anything in terms of practical applications of interior point methods, as the calculation 
of the canonical potential requires the solution of a Monge-Ampere equation. In any case, the 
theoretical gain is interesting from the geometrical point of view. Also the proof of Theorem ll.41 in 
which the self-concordance is deduced from the nonpositivity of the Ricci curvature of the canonical 
Hessian metric, is perhaps more understandable, at least to a geometer, than the original proof of 
Theorem 2.5.1 of [ST]. 

For a homogeneous cone, the universal barrier is a constant multiple of the canonical potential. 
For nonhomogeneous cones, it appears reasonable to expect the canonical potential to dominate the 
universal barrier in a precise sense. Were it possible to show that the universal barrier satisfies an 
inequality of the form H (G) > ae bG then an inequality relating the two would follow from Corollary 
11.11 While it seems plausible that such an inequality is true, I do not know how to show it. In this 
regard, O. Giiler's paper [25J seems relevant; it gives an alternative proof of the self-concordance of 
the universal barrier and obtains inequalities of the form (jl.101) for the derivatives of the universal 
barrier of all orders. Actually it seems plausible that the canonical potential can be characterized 
as the maximal 1-self-concordant barrier function on tt. 

The content of Theorem 11.41 is the verification of the inequality (jl.9j) . For a logarithmically 
homogeneous function F to demonstrate (|1.9[) for some a it is, by (|3.9p . enough to show that the 
scalar curvature of the Hessian metric with potential F is bounded from above. However, arguing 
in this way only shows that (n + 1)F is a normal barrier with parameter at most (n + l) 2 . To 
demonstrate Theorem II .41 the following stronger result, interesting in its own right, is needed. 

Theorem 1.5. The Ricci curvature Rij of the canonical metric gij — V ' idFj of a proper open 
convex cone Q, C R n+1 satisfies 

(1-11) > R ij > - ^F,) > ^ 9ij . 

In particular, is bounded from below and nonpositive. Consequently the scalar curvature R g 
of g satisfies > R g > —n(n — l)/(n + 1). //, moreover, R g is constant and equal to either or 
—n(n— l)/(n+ 1) then Q is homogeneous. 

The case R g = —n(n — l)/("- + 1) occurs for the canonical metric of the Lorentz cone, which 
is a Riemannian cone over the hyperbolic metric, while the case R g = occurs for the canonical 
metric of the positive orthant, which is a flat metric. Theorem II .41 follows from Theorem 11.51 and 
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the explicit expression for the Ricci curvature of the canonical metric given in equation Q3.9p . These 
are proved in section 15.61 A straightforward corollary of Theorem II. 5[ essentially equivalent to it 
is the following. 

Theorem 1.6. The Ricci curvature of the equiaffine metric h of a complete hyperbolic (locally uni- 
formly convex) affine sphere is nonpositive. Moreover, if the scalar curvature Rt of h is identically 
then the affine sphere is homogeneous. 

The nonpositivity claim of theorem 11.61 was proved by Calabi in [6] . The nonpositivity claim 
of Theorem 11.51 follows from this result and a result of J. Loftin, given here as (jlj of Theorem 
14.11 showing that the canonical metric on is a Riemannian product of the equaiffine metric on 
a level set of the canonical potential and the flat metric on a ray. Here, instead, Theorem 11.51 is 
proved directly. The estimates are adaptations of Calabi's estimates applied to a modification of 
Fijk, essentially its trace- free horizontal part (see (|5.22p ). In some sense this amounts to replacing 
a projective picture by the affine picture in one dimension higher. The arguments here might 
be described as passing in an invariant way from the inhomogeneous coordinates to homogeneous 
coordinates. Similarly, the characterization of the homogeneous case in Theorem 11.61 could be 
deduced from Calabi's estimates and Theorem 2 of [15] characterizing the homogeneous affine 
spheres as those nondegenerate affine hypersurfaces having parallel Pick form, but a direct proof 
has been given instead. It seems likely that similar arguments could yield analogous control of the 
higher order derivatives of F. However, the computations become complicated to organize. 

Seen as a condition on the affine geometry of the level sets of F, the self-concordance of F is a 
suprisingly rich condition, having the flavor of nonpositivity conditions on curvatures, and deserving 
of further exploration from the purely geometric point of view. In this vein, observe that it makes 
sense to define a Kahler affine metric to be a-self-concordant if there holds the inequality f|l .9[) . 
in which F^k is well-defined globally as Vjgjfc. 

1.9. Comparison of the canonical potential and the logarithm of the characteristic function of 
a proper convex cone suggests the following questions, whose affirmative resolutions would have 
useful implications. 

(1) Is the exponential of the canonical potential of a proper open convex cone a completely 
monotone function? 

(2) Does the logarithm log 4>q of the characteristic function <fin of a proper open convex cone 
satisfy an inequality of the form H(G) > ae hG l 

(3) In the Schwarz lemma (Theorem 1 1.1|) can the hypothesis H(G) > e 2G be replaced by some 
condition such as that G be a 1-self-concordant barrier for J7? 

Question Q asks whether (-l) fc v(l) ,;i . . . v(k) ik F il .. Ah (x) > for all k G N, all x G Q, and all 
v(i)' 1 G ft. It is true for k = 0, 1, 2, and the general case should be tractable if the k = 3 case is. The 
affirmative resolution of ([I]) would mean that the canonical potential could be represented as the 
Laplace transform of a measure on the dual cone. By Corollary 1 1.1[ the affirmative resolution of ([2]) 
would imply an inequality between the canonical potential and the logarithm of the characteristic 
function of a proper open convex cone. Note that an affirmative answer to ([3]) would provide the 
same conclusion even in the absence of an affirmative answer for (|2]l. 

On a proper open convex polyhedral region P of the form P = {x G : l a {x) > 0}, where 1 < 

a < d, d > n + 1, and £ a (x) — a a iX l — b a , the logarithmic barrier function G — — ^2 a log^ Q (a;) — c, 
where c is some constant to be determined, is convex with a unique minimum. The Hessian of 
G is Gij — ^2^ =1 a a ia a jl a (x)~ 2 , which has the form A t SA where A is the d x (n + 1) matrix 
with elements a a i and S is the d x d diagonal matrix with entries £ a (x)~ 2 . Since GijV l v'^ is a 
sum of squares that vanishes if and only if a ap v p = for all a, Gij is positive definite on P if 
and only if A has full rank; this is necessarily the case because, by assumption, P has a vertex. 
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Let Ai be the smallest eigenvalue of A* A, and note that Ai > 0, since A has full rank. If P is 
assumed bounded, then each product Ilaej^Q 2 ' where / C {l,...,d}, has a positive minimum 
on P. Let Q = min|/| =d _„_ 1 min{J| Q ^ £ a (x)~ 2 : x € P} > 0. By Ostrowski's theorem for 
rectangular matrices, Theorem 3.2 of |31j . for each x £ P there is a cardinality n + 1 index set 
/, determined by the requirement that if a € / and /3 ^ I then i a (x)~ 2 < lp(x)~ 2 , such that 
detA^A > A" +1 n ae /C 2 at x. Since Ilae/C 2 = e" 2c e 2C n^;C 2 there results del A 1 S A > 
A? +1 e- 2c e 2G n^/C 2 > Xi +1 e 2c Qe 2G for all x e P. It follows that when P is bounded the 
equality H(G) > e 2G can be arranged by choosing c so that e~ 2c = A™ +1 Q. Note that c depends 
only on the coefficients a a i, and is computable in practice. For example, for the planar triangle 
with vertices (0, 0), (0, 1), and (1, 0) the function G(x, y) = — log(a;y(l — x — y)) — log \/3 satisfies 
H(G) > e 2G , and for the unit square with vertices (0,0), (0,1), (1,1), and (1,0), the function 
G(x, y) = - log(xj/(l-x)(l-j/))-log(2) satisfies H(G) > e 2G . From GorollaryQit follows that the 
canonical potential F of P satisfies F > G for the appropriate constant c. The boundedness of P is 
probably not necessary for the preceeding conclusion; here it has been needed only for the particular 
method of proof. For example in the unbounded region P = {(x, y) € R 2 : x > 0, y > 0, x + y > 1} 
the function G(x, y) = — \og{xy{x + y— 1)) — log y/2 satisfies H(G) > e 2G . Although in general the 
function G is not a multiple of the characteristic function of P unless P is an affine image of the 
standard orthant (in which case d = n+ 1), the preceeding discussion lends some plausibility to the 
idea that question ^ has an affirmative resolution. 

1.10. A Kahler affine metric with vanishing Kahler affine Ricci tensor is called a Monge- Ampere 
metric. These can be seen as real analogues of Calabi-Yau manifolds. There is interest in finding 
explicit examples of such metrics because of their role in various formulations of homological mirror 
symmetry, where they arise by considering degenerating families of Calabi-Yau manifolds in some 
limit; see e.g. [50], [JT], an d [SI] for background and references. In section HTT1 it is shown how 
straightforward adaptation of an argument of Calabi yields 

Theorem 1.7. For each hyperbolic affine sphere S asymptotic to the boundary of the proper open 
convex cone fl C R' i+1 there is a Monge-Ampere Riemannian metric defined on the open subset of 
the interior of Q bounded by E and the boundary of f2, that is, the region formed by the union of 
the open line segments contained in f2 and running from the origin to some point o/E. 

Theorem 11.71 is equivalent to Proposition 1 of the unpublished erratum |52j ; see the remarks in 
section RTT1 In section lijTTl it is additionally shown that a similar construction yields on ft a globally 
hyperbolic Lorentzian signature Monge-Ampere metric admitting the hyperbolic affine sphere E as 
a Cauchy hypersurface. Precisely, 

Theorem 1.8. Let F be the canonical potential of a nonempty proper open convex cone fl C 
The function u = —((n + l)/2)e _2F ^ n+1 - ) solves H(u) = — 1, and kij — Viduj is a Lorentzian 
signature Monge-Ampere metric on Q. Moreover, k{j is globally hyperbolic, a level set Y, r (F,tt) 
being a complete Cauchy hypersurface. 

2. Affine geometry of level sets 

Theorem 11.21 is proved in this section. First, the explicit expression for the equiaffine normal of 
a level set is recalled. The formulas recorded below can be deduced from similar ones in J. Hao and 
H. Shima's [33] (see also [53]). Another derivation is given in |21j . 

The standard flat affine connection and parallel volume form on IR" +1 are written V and The 
vector field on R n+1 generating the radial flow by dilations by a factor of e* is written X and satisfies 
ViX- 7 = 5i J . Let n be a connected component with nonempty interior of the region on which F, 
dF, and H(F) are nonvanishing and gtj is positive definite, and for r e R let E r (F, il) — {x e fl : 
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F(x) = r}. By assumption H(F) does not change sign on £ r (F, 51) and the ^-gradient F % — g^ Fj 
is nonzero on 51, so is a convenient transversal to T* r (F, 51). The rank n symmetric tensor 

(2-1) n y - = H{F)-y^\dF\- 2,in+2) { 9ij - \dF\~ 2 FiFj) , 

satisfies F z Hij — 0, and its restriction to 'SriF, 51) is the equiaffine metric. Define a one-form \ii by 
(n + 2)/ii = Hi + di log |dF| 2 . The vector field defined by 

(2.2) K* = (1 - F*^)** + \dF\y = + \dF\ 2 g (g^ - \dF\~ 2 F* F? ) N . 
spans the affine normal distribution, and the equiaffine normal field of T, r (F, 51) is 

(2.3) = _H(^) 1/(n+2) |d^lg 2(n+1)/( " +2) K i . 

For F e £ Q (S1) such that T, r (F,fl) is nondegenerate there hold dF(X) = a, WF pi = —F^, and 
JPH p = -2(n+ 1), and so 

(2.4) F l = -X\ \dF\ 2 g = -a, {n + 2)^ = H u (n + 2)(1 - F p Mp ) = -n. 

In particular, if is to be positive definite, a must be negative. Substituting (|2.4p into (|2.3[) yields 
that along E r (F, 51) the equiaffine normal W l has the form 

(2.5) W = | a p(«+i)/(™+2) | H (F)| 1/(n+2) (nX l - oJP) . 

Proof of Theorem M.SX Suppose that F £ L a (fl) and there is an open interval I C R such that for 
all r € I each nonempty connected component of T, r (F, 51) is a hyperbolic affine sphere with center 
at the origin. Along T, r (F, 51) there holds W s = — cX' where the constant c(r) is the affine mean 
curvature of S r (F, 51). Contracting (|2.5|) with Fi shows that 

(2.6) C = ^\ a \-(n+l)/{n+2) H{F) l/{n+2) _ 

Since a < 0, there results H(F) = — a n+1 c™ +2 , which is constant on H r (F, 51). This holds for each 
r € /, and so there is a function defined on / such that H(F) = <fi(F) for x G 51/. 

Now suppose F € £ a (5!) solves \~\(F) = (f>(F) for some nonvanishing function <fi : I — >• R. Since 
for a: € S,.(F, 51), X l Fj(a;) = a^0, does not vanish on S r (F, 51), and so the level set E r (F, 51) 
is smoothly immersed and X is transverse to £ r (F, 51). Let k be the representative of the second 
fundamental form corresponding to the transversal X. For X and Y tangent to £ r (F, 51) there hold 

g(X, Y) = (V x dF)(Y) = -dF{T)k(X, Y) = -ak(X, Y), 

i2 '" g(X,X) = -dF(X) = 0, 5 (X,X) = (V x dF)(X) = -a, 

along £ r (F, 51). Since a < 0, it follows from (|2.7j) and the assumption that <7y is positive definite, 
that k is positive definite. Hence the equiaffine normal W* is defined on 51/. Since H(F) is constant 
on each connected component of £ r (F, 51/), it must be that dH(F) A dF = on 51/, so there is 
q € C°°(51/) such that Hi = qFi. Pairing with X yields — 2(n + 1) = aq, so that q is constant on 
T, r (F, 51/). In (|2.5[) this yields that W 1 is a constant multiple of X 1 along E r (F, 51/), and so each 
connected component of £ r (F, 51/) is an affine sphere, necessarily hyperbolic, by (12.61) . 

Suppose now that there hold ([TJ)- (J2j) - Since F E £ Q (51), H(F) has positive homogeneity — 2(n+l). 
It follows that 4>{r + at) — e~ 2 ( n+1 '*0(r) for r <E I and sufficiently small t. In particular, this shows 
<fi is continuous on I. Since 

<j) is differentiable on / and solves a<f>' (r) = — 2(n + l)<j>(r). The general solution has the form 
g e -2(n+i)r/a f or a nonzcro constant B. Substituting this into (|2.6p shows that the affine mean 
curvature of £ r (F, 51/) has the form (|1.6p . □ 
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3. Hessian metrics as metric measure spaces 

3.1. The Laplacian Afe of the metric k is the negative of the divergence of the exterior differential 
d, where the divergence is the adjoint of d with respect to vol 9 . For the mm-structure (k,cj>), 
replacing the divergence with the adjoint of d with respect to ^>volfc yields the operator C k = 
Afe + k^dlogfaDj, which is the specialization of the modified mm-Laplacian L k of the local 
mm-structure (fc, a) defined by 

(3.1) L k = A k + k ij a i D j . 

Theorem 13.11 is a distance comparison theorem for lower bounds on Bakry-Emery Ricci tensor. 
It is the specialization to the present setting of Theorem 4.2 of D. Bakry and Z. Qian's pQ (the 
explanation of this theorem in 74 may be more accessible to geometers) . 

Theorem 3.1 (D. Bakry and Z. Qian, [TJ). Let (k,a) be a complete smooth local metric measure 
structure on the n-manifold M . Suppose the associated (N + n) -dimensional Bakry Emery Ricci 
tensor R(N)ij satisfies a lower bound of the form R(N)ij > — k 2 (N + n — l)g%j for some real 
constant k > 0. Let po £ f2 and let r{p) be the k-distance from p to po. Let C k be the mm-Laplacian 
defined by (|3.1|) . For p in the complement M \ Cut(po) of the cut locus of po there holds 

(3.2) rL k r < (N + n- l)Krcoth(Kr) < (N + n - 1)(1 + «r). 



Theorem 13.21 is proved by the adaptation to the metric measure context of the argument used by 
Cheng and Yau to prove Theorem 2 of their [10]. For the reader's convenience a full proof is given. 

Theorem 3.2. Let (M, k, a) be a complete n-dimensional smooth local metric measure space. Sup- 
pose the associated (N + n)- dimensional Bakry Emery Ricci tensor R(N)ij satisfies a lower bound 
of the form R(N)ij > —n 2 (N + n— l)gtj for some real constant k > 0. Let L k be the mm-Laplacian 
defined by (|3.1|) . Suppose u £ C 2 (M) is nonnegative and not identically and that wherever u is 
not it satisfies L k u > Bu 1+a — Au for some constants B > 0, a > 0, and A £ R. Then for any 
x £ M at which u(x) ^ 0, and any a > 0, on the open ball B(x, a) of radius a centered at x there 
holds 

(3.3) u < (a 2 - r 2 )- 2 ^ |(|)a 4 + ( M^11 )q 3 + ^{N+n+j^ y^ 

in which r = d(x, ■ ) is the k-distance from x. In particular, letting a — > oo, there holds sup M u < 
\A/B\ 1 I' J . 

Proof. In this proof it is convenient to drop subscripts indicating dependence on k, writing A, L, 
| • | 2 , etc. instead of Afe, L k , | ■ \ k , etc. Suppose u £ C°°{M) is nonnegative and not identically 
zero, and choose x so that u(x) ^ 0. Let a > and a > and define / = (a 2 — r 2 ) a u which is by 
assumption not identically zero on B(x, a). Since r is smooth on the complement of the cut locus 
Cut(x) of x, f is smooth on the complement of Cut(x) in the ball B(x,a), and there hold 

(3.4) 
(3.5) 



Df = 


' ' du 
\ u 


2ardr 
a 2 —r 2 


)/, 


A/ _ 
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2ardr 
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du 
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2ardr 
a- — 
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+ 



\duf _ 2a(rAr+l) _ 4 

u' 2 a' 2 —r 2 (a 2 



( Au 

V u 

2a(r£r+l) _ 4*r*\ +k (d<f>,( - 
\ u u 2 a 2 —r 2 (a 2 — r 2 ) 2 J \ * ' \a 2 —r 2 u J J 



Since by construction / is not identically on B(x, a), and vanishes on the boundary dB(x, a), its 
restriction to the closure of B(x, a) (which is compact, because k is complete), attains its maximum 
at some xq £ B(x,a). First suppose x$ (f. Cut(x). The proof in the case xq £ Cut(a;) is similar, and 
will be indicated at the end. Since f(xo) 7^ 0, also u(xq) ^ 0. Since at xq there vanishes df ', there 
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holds £/ = Af at xq. It follows from (|3.4|) that at x there holds ^ = fiz^r and, as at x there 
holds > Af — Lf , in (I3.5|) this implies that at xq there holds 

f<,g\ Lu < 2a(r£r+l) 4g(g+l)r 2 

\ ' / u — a 2 — r 2 (a 2 — r 2 ) 2 ' 

Since B is positive, substituting (|3.2|) into (|3.6j) and rearranging the result shows that at xq there 
holds 

7 \ „,cr ^ A | 2a(A'+ri+K(JV+n-l)r) . 4a(a + l)r 2 
^•'J - 1^ B(a 2 -r 2 ) r S ( a i_ r 2)2 

Let a = 2/a and multiply (|3.7I) by (a 2 — r 2 ) 2 to obtain that at there holds 



(3.8) 



f° <- A ( n 2 _ 2\2 , A(N +n+K,(N +n-l)r)(a~ -r A ) 8(2+cr)r 2 

/ ^ B [a ? ) -f Bcr -t- B(j2 

< r- 4 ^ 4 4- (- 4K(jV+K-l) x 3 , / 4((jV+n+2)<T+4) N 2 

which implies (|3.3I) . For the proof in the case xq € Cut(x) the argument is modified using a device 
due to Calabi in 0]. For the reader's convenience this is recalled here following the end of the proof 
of the gradient estimate in [61] . There is a minimizing geodesic joining x to xq the image a of which 
necessarily lies in B{x, a). Let i be a point on a lying strictly between x and xq at some distance 
e > from x. Since a is minimizing, no point of a can be conjugate to x. Were x or xq conjugate to 
x then it would be in Cut(cc), and so x would be in its cut locus, which it is not because xq G Cut(a;) 
and x G Cut(xo). Thus no point of a is a conjugate point of x and hence there is some S > for 
which there is an open 5 neighborhood N C B{x, a) of er containing no conjugate point of x. Let 
f = d(x, ■ ). By the triangle inequality, r + e > r. On the other hand f(xo) + e = r(xo)- Define 
/ = (a 2 — (r + e) 2 ) a u. Then / < / on N and f(xo) — f(xo), so / attains its maximum value on 
N at xq. As f is smooth near xq the preceeding argument goes through with / in place of /, and 
letting e — > at the end yields (I3.3[) . □ 

3.2. Throughout this section (V, g) is a Riemannian signature Kahler affine metric on a smooth 
(n + l)-dimensional manifold M. The Levi-Civita connection D of g%j is D — V + hFij k . The 
curvature tensor R%jk 1 of the Levi-Civita connection D of g is defined by 2D[ i Dj]X k = Rij p k X p . 
From VjFjfc ' = Fijk 1 — F P i l Fjk p it follows that the Riemann curvature Rijki = Rijk p g P k, the Ricci 
tensor Rij = R P ij p , and the scalar curvature R g = g 1 ^ Rij of g have the forms: 

Rijki = 9lpV[iFj]k p + \F pl[i Fj ]k p = -^FpUiFflk p , 
Rij = \ (F ip «F jq p - Fij p H p ) , R g = \ (|VVdF| 2 - \H\ g ) . 

As explained in the introduction, the Kahler affine metric (V,g) is identified with the local mm- 
space (g, H) determined by g in conjunction with the Koszul form Hi. In particular a Hessian metric 
9ij = VidFj, with global potential F € C°°(M), is identified with the mm-space {gtj, H(F)ty) = 
(gij, H(i ;l ) 1 / 2 dvolg). The associated modified Laplacian is L g = A g + ^H l Di. 

If A G C 2 (£l) then Ay = A A, + \F lj p A p and so £ 9 ^4 = In particular, D t F d = gy - 

\Fij p F p and £ g F = (n+1). By (TQj) and ([33)1 the Bakry-Emery Ricci tensors R(oo)ij and R(N)ij 
are given by 

R{oo)ij — Rij — ^DiHj — R^ + -^Kij + jFij p H p — jFi p q Fj q p + %Kij > 2^ij > 

R(N)ij — Rij — %DiHj ~ TN^liHj = ^-Fjp ''-Fjq p — -jjyHiHj + \Kij- 

In particular, a lower bound on the Kahler affine Ricci tensor Kij implies a lower bound on the 
cx)-Ricci tensor. Note also that the Kahler affine scalar curvature n is given by 

(3.11) k = g ij Kij = -£ 5 logH(F) = -D P H P - ±\H\ 2 g . 
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The nonnegativity of the norm of (n + \)X v F P ij — X p H p gij for any X % implies 

(3.12) (n+l)F ip "F jq P>H i H j . 

Together (|3.12j) and (|3.10j) show that the 2(n + l)-dimensional Bakry- Emery Ricci tensor is bounded 
from below by the Kahler affine Ricci tensor: 

(3.13) iZ(n + l)y > \K iy 

When the potential F of a Hessian metric satisfies H(F) = e 2F , the inequality (|3.13p yields the 
condition R(n + l)y > —gij, which is called a curvature- dimension inequality CD(—l,2(n + 1)) 
(see e.g. [1]). The 2(n 4- 1) is the real dimension of the tube domain 7q over fl, reflecting that 
the inequality (|3.13[) is inherited from the lower bound on the Ricci curvature of the Kahler metric 
determined on Tq by F. Note that the lower bound (|3.13|) is stronger than the lower bound of 
R(oo)ij given in (|3.10|) . 

Theorem 3.3. Let V be a flat affine connection on the (n + 1) -dimensional manifold M and let 
gij be a complete Riemannian metric forming with V a Kahler affine structure with Kahler affine 
Ricci curvature bounded from below by —lAgij for some positive constant A. Let po € O and let 
r{p) be the g-distance from p to pq. Let L g — A g + ^H l Di be the mm-Laplacian associated to the 
smooth local mm-space (gij, ^Hi)- For p G M \ Cut(po) there holds 



(3.14) rL g r < ^A(2n + l)r coth(ry^^j) < 2n + 1 + r^J A(2n + 1). 

Proof. Equation (|3 . 1 3|) shows that the 2(n + l)-dimensional Bakry Emery Ricci tensor R(n + l)ij 
associated to L g satisfies the lower bound R(n + l)y > —Agij. The claim follows by specializing 
Theorem 13. II with N = n + 1 (and n + 1 in place of n). □ 

For a symmetric tensor ov, = <Ju,j) the nonnegativity of its trace-free part implies (n + l)o~ijO~ lJ > 
(a p p ) 2 . Applying this inequality to Ay = X p F pi j — f3HuXj^, where j3 € R and X 1 is a vector field 
on fi, and noting A p p = (1 - /3)X p H p yields 

X*Xl (F ip q F jq p - 2[3Fij p H P ) - A* Ay - \(3 2 \X\ 2 g \H\ 2 g - \(3 2 (X P X P ) 2 

(3 - 15) > (x p Hp f - \p\x\i\h\i 

Taking j3 — 1 /2 in (|3. 15|) and comparing with (|3.9[) shows that 

( 3 - 16 ) R ij ^ 32(«+i) g » g i ~ m\ H \l9ij > - i6(n+i) l g lgg»r 

From p,16p it follows that an upper bound on \H\ 2 suffices to bound the Ricci curvature from 
below. However, a bound on \H\ 2 is the sort of thing one wishes to conclude rather than to assume. 
In this regard, the aspect of Theorem 13 . 31 that is important here is that it is true even if \H\ 2 is not 
assumed bounded, in particular without an a priori lower bound on the ordinary Ricci curvature 
of g. 

3.3. Theorem ll.il the Schwarz lemma for Kahler affine metrics, is proved now. 

Proof of Theorem ] 1. 11 The function u = (u>/vol g ) 2 is smooth and positive. In an open neighbor- 
hood of any p £ M there can be chosen a smooth V-parallel volume form \i. There is a positive 
smooth function V such that u 2 = Vfj 2 . Restricting to a smaller open neighborhood of p if nec- 
essary, choose a potential F for g and write vol^ = detVAF = Y\(F)[i 2 . Hence u coincides with 
V/H(F) where the latter is defined. The hypothesis that detVVlogw 2 > BuS 2 is equivalent to 
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H(logV) > BV. By hypothesis and (|3~TT|) . -£ 9 logH(F) = k > -A(n + 1). By the inequality of 
the arithmetic and geometric means and the hypotheses on F and G, 

L g u = L g (logV~ log H(F)) > L g log V - A(n + 1) - <? y (log V%- - A(n + 1) 

(3.17) > (n + 1) (H(log 7)/H(^))V(«+i) _ ^ 

> (n + 1) ((B^/H( J F 1 )) 1 /("+ 1 ) - A) = (n + 1) [{Bu) 1 /^ + ^ - A) . 

Since p £ M was arbitrary, the conclusion of (|3.17l) is valid on all of M . 

Let Xq € M . Let r be the distance from Xq in the metric 5, which is smooth on the complement 
of the cut locus Cut(a;o) of xq. Let B(xq, a) be the open geodesic ball of radius a centered on Xq. 
Let a > and /3 > and define v — (a 2 — r 2 ) l3 u. On the complement B(xo, a) \ Cut(xo) in B(xq, a) 
of Cut(xo) there hold 

(3.18) dv = v(d\ogu- 2/3r(a 2 - r 2 ) _1 dr) , 

(3.19) £ 9V = ? ;^log U -|^| 2 + i: ff logu-2/3(^^ + ^) 

Since by assumption g is complete, the closed ball B(xo,a) is compact. Since v is not identically 
zero on B{x$, a) and vanishes on the boundary dB(xo, a), the restriction of v to the closure B(xq, a) 
attains its maximum at some point p € B(xo,a). Suppose that p ^ Cut(cco). The proof in the case 
p G Cut(xo) is similar, and is described at the end. At p there hold dv(p) = and L g v = A g v(p) < 0. 
In particular, by (|3.19l) . at p there holds 

(3-20) (^) 1/(n+1) < A + & (jggp + 0^) . 

Because by assumption the Kahler affine Ricci tensor is bounded from below by a multiple of gij, 
it follows from Theorem 13.31 that there is a constant c such that rA g r < 2n + 1 + cr. In (|3.20p this 
shows that at p there holds 

(3-21) {Buf^ <A+^ + a^F) . 

Set f3 = 2(n + 1) and multiply both sides by (a 2 — r 2 ) 2 to obtain 

( sup Bv) 1/(n+1) < A(a 2 - r 2 ) 2 + 4{2n + I + cr))(a 2 - r 2 ) + 4{a 2 + r 2 ) 

(3.22) B{x ,a) 

< Aa 4 + Aca 3 + 8(n + 2)a 2 . 
Hence, when p is not in Cut(xo), there holds on B(xo,a) the inequality 

(3.23) Bu < (a 2 - r 2 )- 2 ^ (Aa 4 + 4m 3 + 8(n + 2)a 2 )™ +1 . 

Supposing (|3.23|) proved also for p € Cut(a^o), letting a — > 00 in (|3.23|) shows u < A n+1 /B on f2. 
The proof of (|3.23p in the case p £ Cut(xo) is accomplished using the same trick from [J] as at 
the end of the proof of Theorem 13.21 Namely, on a minimizing geodesic joining xq to p there is a 
point xq lying strictly between xo and p, at some distance e > from xq, and there can be used 
f = d(xo, ■ ) in place of r. By the triangle inequality, f + e > r. On the other hand f(p) + e = r(p). 
Define v = (a 2 — (f + e) 2 ) 2 ^ n+1 ^u. Then v < v on N and v(p) = v(p), so v attains its maximum 
value on TV at p. As f is smooth near p the preceeding argument goes through with v in place of 
v, and letting e — > at the end yields (|3.23|) . □ 
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4. The canonical potential of a proper convex cone 



4.1. This section begins with some preliminary material needed for the statement and proof of 
Theorem 14.11 

Let V be an (n + l)-dimensional vector space, V* its dual, and write P + (V) and P + (V*) for their 
oriented projectivizations (the associated projective spheres). A subset of P + (V) is convex if its 
intersection with every projective line is a connected interval (possibly a point, or empty), and is 
proper if it contains no pair of antipodal points. The cone C(S) over a subset S C P + (V) is the 
pre-image of S under the defining projection ir : V \ {0} — > P + (V). Given a proper open convex 
cone QcV and its dual 57* C V*, let P+(57) and P+(57*) be their oriented projectivizations, which 
are properly convex open subsets of P + (V) and P + (V*), respectively. Clearly C(P + (57)) = 57, and 
P+{C(S)) = S. 

That the canonical potential of the standard orthant Q = {x G P ,l+1 : x s > 0, 1 < s < 
n + 1} is u(x) — — Y^i=o log^N and the associated complete Hessian metric is flat, are verified by 
straightforward computations. The image = A~ 1 Q of Q under the inverse of A-J G GL(R n+1 ) 
is Q A = {x G R n+1 : £%(x) > 0, 1 < s < n + 1} where £\(x) = A p l x p . That u A (x) = 
~ 2^=1 ^°S^a( x ) + log|detA| = A -1 • u + log | det | is the canonical potential of Qa follows 
from the proof of Theorem 11.31 

If 57 C R™ +1 is a proper open convex cone, its projectivization P + (57) is a bounded convex domain, 
and so there are simplices E and E' such that E C P + (57) C £'. The cones C(E) and C(E') over 
these simplices have the forms Qa and Qb for some A, B E GL(R n+1 ), and so Qa C 57 C Qb- It 
follows from Corollary 11.11 that ub < ua on Qb- Consequently the functions 



are finite on the interior of 57 and satisfy Uq(x) < U (x) for x G 57. Since a supremum of convex 
functions is convex, both Uq and C/ fi are convex. Let y be any point in the boundary of and 
let [y] be its image in P + (f2). There can be chosen simplices E and E' such that E C P + (il) C £' 
and so that [y] lies in their boundaries, in which case the entire ray spanned by y is contained in 
the boundaries of C(E) = and C(E') = Qb- It follows that Uq(x{) — > oo and U n (xi) — > oo as 
Xi G Q tends to a point a of the boundary of 57. 

Suppose for the moment that the existence of the canonical potential of il is not known. Since f2 is 
proper, the set C(O) of C 2 convex functions G on 57 that are — (n + 1) -logarithmically homogeneous 
and satisfy H(G) > e 2G on 57 is nonempty for it contains the restriction to 57 of u A for any 
A G GL(R n+1 ) such that Q C Qa- If G 57 there are A, B G GL(K n+1 ) such that xq G Q a (1 Q B 
and Qa c57cQs. If G G 6(57) it follows from Corollary 11.11 applied to G and ua on that 
G{xq) < ua{xq), and from Corollary 11.11 applied to G and ub on 57 that ub{xq) < G(xo). It follows 
that V(x) — sup Gge (Q) G{x) is finite for all x G 57. Since a supremum of convex functions is convex, 
V is a convex function on 57. It is apparent that V{x) is — (n + l)-logarithmically homogeneous. It 
follows from the preceeding that Un < V < U a . Note that it follows that Uixi) — > oo as Xi G 57 
tend to a point of the boundary of 57. 

A ray L is said to be an asymptotic ray of a hyperbolic affine sphere E if it does not intersect 
E and there is an unbounded sequence {x n } of points of E such that the rays from the center of E 
to x n converge to L. This implies that the image of L in P + (R™ +1 ) is contained in the boundary 
of P + (E). The affine sphere E is said to be asymptotic to the boundary 957 of the cone 57 if 357 
is a union of asymptotic rays of E. 

Theorem 4.1. Let 57 C R" +1 be a proper open convex cone with canonical potential F. Then: 



(4.1) 



Un(x) 
U n (x) 



sup{u A {x) : Q A C 57}, 
sup{G(a;) : G convex in 57, and 
G <u A for all A G GL(n + 1, R) such that 57 C Qa} 
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(1) For all xefl, 

(4.2) F(x) = sup{G(a;) : G € C 2 (fl) n £_„_i(Q), G convex in fl, and H(G) > e 2G }. 

and Uq(x) < F(x) < U (x) for the functions Un and U defined in (|4.ip . 

(2) F is — (n+1) -logarithmically homogeneous and is auto-harmonic in the sense that A g F = 0. 

(3) The r -level set of F is a complete hyperbolic affine sphere asymptotic to the boundary offl, 
centered on the vertex of VI, and having affine mean curvature — (n-|-l)~(™+ 1 )/( n + 2 )e 2 ' r / ( ™ +1 ) . 

(4) [J. Loftin, [49]/ Let h be the equiaffine metric on T*o(F, fl) and equip R + x Y*o(F,fl) with 
the metric k = (n + l) (r- 2 dr 2 + (n + l)-(™ +1 )/( n + 2 )/i)). The maps 

(4.3) ^ 1 y v y 

(r,y) € R+ x E (F,r!)^ryeO, 

are inverse isometries between the Riemannian manifolds (fl,g) and (R + x E (-F, fc). 
Moreover, E r (F,fi) corresponds to { e - 2 >V(n+i)} x E (F,fi) C IR+ x Z (F,fl). 

(5) t4m2/ complete hyperbolic affine sphere with center at the vertex of fl and asymptotic to dfl 
is a level set of F . 

Modulo notation and terminology, ((4]) of Theorem 14.11 is Theorem 3 of [49] . The result for the 
usual characteristic function (j>n of fl analogous to ((4]) is given in Proposition 11 of [60] (see also 
[59] and [68]). 

Proof. Claim ([T]) was proved in the discussion preceeding the statement of the theorem. The 
logarithmic homogeneity of F follows from ([l]) of Theorem 11.31 applied to the dilations preserving 
the cone. In particular, for t G R the function (t-F)(x) — F(e~ t x) — (n + l)f solves H(t-F) — e 2 ^' F > 
on f2 and so equals F. By the logarithmic homogeneity, dF(X) = — n — 1 and |X| 2 = n + 1. Let D 
be the Levi-Civita connection of <?ij. Since F l = —X 4 and DiFj = 0, the radial vector field X 1 is g- 
Killing. In particular A g F = 0, showing ©. For r € R consider E r (F, tt). By ([231) and x ' = -F*> 
the positively co-oriented equiaffine normal is W l = (n+ l) _ ("+ 1 )/(' i + 2 )e 2F /(" +2 )X J , and the g-unit 
normal is (n + l)' 1 / 2 ^. The affine mean curvature of E t (F, Q) is -(n + l)-(»+i)/(«+ 2 ) e 2t /(™+ 1 ). 
This shows all of ([3]) except for the completeness. Since X 1 is g-parallel, E r (F, O) is a tot ally 
geodesic hypersurface, and its second fundamental form with respect to —X 1 is just the restriction 
(n + l)~ 1 gij. Since, along St(F, fi), W 1 is a homothetic rescaling of X ! , the second fundamental 
form with respect to W 1 is simply hu = [n + l)~ 1 /( n+2 '>e~ 2F ^ n+2 ) gij. It follows from these 
observations and (|2.ip that the second fundamental form of E r (F, fi) is the restriction of the tensor 

(4.4) hu = (n+ l)-V(n + 2 ) e - 2 F/(n +2 ) (5ij _ _L_ FiFj y 

Observe that if x € fl then e F< ^' ^ n+1 ^x € Eo(F, O). This proves (|3]). Since g is complete, it follows 
from the existence of the isometry of ((4]) that h is complete. By Theorem 3 of [14] a hyperbolic 
affine sphere complete with respect to the affine metric is Euclidean complete (this also follows from 
the more general Theorem A of [66 a showing that, for n > 2, an affine complete locally uniformly 
convex hypersurface in R™ +1 is Euclidean complete). By [69] and [58], a Euclidean complete locally 
uniformly convex hypersurface is convex so lies on the boundary of a convex region. Since the space 
of rays is compact, given an unbounded sequence of points x n in a complete hyperbolic affine sphere 
E with center q, after passing to a subsequence if necessary, the rays from q to x n converge to a ray 
L which does not intersect E, so is an asymptotic ray of E. By the homogeneity of F the sets of 
asymptotic rays of the level sets ^ r (F, O) coincide for different values of r and lie in d£l. Conversely, 
if L is a ray contained in dft, let {y n } be a sequence of points such that the rays passing through 
the y n converge to L. For any r these rays intersect E r (_F, fl) in a sequence of points {x n } which 
cannot be bounded in T, r (F, fl) (were it, the rays would converge to a ray intersecting E r (i 7 ', fl), 
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which L by assumption does not). Hence L is an asymptotic ray of E r (.F, f2), and so dQ is a union 
of asymptotic rays of S r (-F, This completes the proof of ((3|). 

Suppose £ is an affine complete hyperbolic affine sphere with center at the vertex of f2 and 
asymptotic to dQ. For r > let r£ = {rx : x € £}, which is also an affine complete hyperbolic 
affine sphere with center at the vertex of f2 and asymptotic to dfl. Again by Theorem 3 of |14j . 
each r£ is Euclidean complete and so, as above, lies on the boundary of a convex region and can be 
represented as the graph of a convex function. It follows that rQ and sf2 are disjoint if r ^ s and 
that any x G f2 is contained in rE for some r > 0. Hence the disjoint union U r >or£ equals f2. The 
function G defined to equal — (n+ 1) logr on rE is evidently smooth and so contained in L- n —\. As 
G satisfies the hypotheses of Theorem 11.21 with I = R and a = — (n + 1), there holds H(G) = Be 2G 
for some constant B 6 R x . The co-orientation convention on the equiaffine normal to E forces 
W 1 = cX l with positive c, and a bit of calculation shows B must be positive. By replacing G by 
itself plus an appropriate constant, B can be normalized to 1. By Theorem ll.il G < F. Since G 
is logarithmically homogeneous, the same argument as that used above to show shows that fl 
equipped with the metric VidGj is isometric to the product metric on the product of the real line 
with E, equipped with its equiaffine metric. Since the equiaffine metric on E is assumed complete, 
it follows that VidGj is complete, and so Theorem 11.11 implies G > F. This proves that E must be 
a level set of F, showing (0. □ 

4.2. Suppose 17 is a proper convex domain and F G C°°(f2) solves H(F) = e 2F and = VidFj 
is complete. It follows that the Kahler metric Gq — Fij(x)dz l <g> dz^ on To determined by the 
potential 7r*(F) is a complete Kahler Einstein metric with negative scalar curvature. By Yau's 
Schwarz lemma for volume forms a biholomorphism between complete Kahler Einstein metrics 
having negative scalar curvature is an isometry. This can be used to deduce the uniqueness of 
F. An affine automorphism g of f2 extends complex linearly to a biholomorphism of the tube 
To. Writing the action of g on To by L g , it follows that L*(dd c ir*(F)) = dd c ir*(F). Hence 
dd c (Tr*{g-F-\og\det£(g)\)) = L*(dd c Tr*(F)) = dd c ir*(F), from which it follows that L* g {HessF) = 
Hess(c/-.F-log|det£(s)|) = HessF, and so g ■ F - log | det 1(g) | = §logr% • F - log | det£(g)\) = 
\ log \~\(F) = F and g is an isometry of Hessi 71 . 

While the proof of the uniqueness of F by passing to the tube domain and invoking the Schwarz 
lemma is a powerful demonstration of the efficacy of complex geometric methods, its relation to the 
geometry of the Hessian metric is perhaps somewhat obscure. Note that a priori the ordinary Ricci 
curvature of gij is not bounded below. When Q is a proper convex cone, such a bound is obtained 
as a consequence of the uniqueness, as this implies the logarithmic homogeneity of F, from which 
such a bound follows via (|3.16|) . As was explained in the introduction, the more fundamental lower 
bound is that on the Kahler affine Ricci tensor, which corresponds directly to the Ricci tensor on Tq 
and which via (|3 . 13[) yields a lower bound on the 2(n + l)-dimensional Bakry-Emery Ricci tensor. 

This point of view makes clear that the existence of the canonical potential of a proper convex 
cone £1 and the associated foliation of the interior of fl by hyperbolic affine spheres is closely related 
to the specialization to the tube domain To of the result of N. Mok and Yau in [54] showing the 
existence of a negative Kahler Einstein metric on a bounded domain of holomorphy. Every tube 
domain over a proper convex domain is biholomorphic to a bounded domain of holomorphy because 
the base is contained in an affine image of an orthant, and the tube over an orthant is a product 
of disks. By the main theorem of |54j a bounded domain of holomorphy admits a complete Kahler 
Einstein metric with negative scalar curvature which is, moreover, unique up to homothety. The 
Kahler metric determined on To by the pullback it* (F) of the canonical potential F of ft is the 
special case of this Kahler Einstein metric when the domain of holomorphy is the tube over a proper 
open convex cone. 
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4.3. The usual proof of the existence of the foliation of the interior of a proper convex cone by 
affinc spheres goes through a different theorem of Cheng and Yau, resolving a different, but related 
Monge- Ampere equation. Next it is briefly indicated how this is related to the approach described 
here. Let F £ C°°(Q) and suppose that on T, r (F, ft) there vanishes neither dF nor H(F). After 
a rotation of the coordinates, there can be found an open domain D C IR™ and / e C°°(D) such 
that the graph {(x,f(x)) G D x R : x e D} is contained in E r (F, f2) and the partial derivative Fq 
in the x° direction is not zero along this graph. Capital Latin indices indicate derivatives in the 
directions of the coordinates on IR™. Differentiating r = F(x, f(x)) yields 



(4.5) 
so that 
(4.6) 
By ((IS]) 
(4.7) 



c Q Fc 



= F I + F fi, 

Fgfu = - 
= dF(X) - fF = 

r = x*t 



— F u + Fiofj + Fjafi + F ofif.r + F fu, 

FqF/j + F q (FjqFj + FjqFj) — FoqFjFj. 

— (n + 1) — fFo, so that the Legendre transform /* of / is 
r - / = -x^Fj/Fo) -f = -dF(X)/F . 



Define H(/) and H(/*) in the same manner as H(F), though with respect to the coordinates x 1 on 
IR™, and the coordinates yi = Jp- on the imaj 
elementary row and column operations yields 



IR™, and the coordinates yi = Jp- on the image of D under df. Evaluating the determinant using 



(4.8) 



F ■ 


F, 




F ■ 





Fj 







Fj 


-1^12 



= -"(F)\dFf, 



Combining ()4.8j) and (|4.5j) . and computing as in the proof of Theorem 4a of [59] gives 



-H(F)\dF\t 



(4.9) 

From (S 
(4.10) 



FlJ F/o Fj 

Fjo Fqo Fo = 
Fj F q 

—Fofu 
Fjq + Foofj 



—Fofu 
Fjo + F 00 fj 




Fjq + F 00 fi 
Fqo 
Fo 





Fo 




-Fq 





Fo 



= (-1)" +1 (F )" +2 H(/). 



and (l4~9l) it follows that 



H(D = H(Z)- 1 = {-lYU{F)-'\dF\- 2 F^ = ^F)-^\dF\-'dF^) n +\n 



As explained in the proof of Theorem 1 1.3[ a level set of the canonical potential F of a proper open 
convex cone f2 can be written as a graph over D = R™. In this case, substituting rfF(X) = — (n+1), 
\dF\ 2 = n + 1, and H(F) = e 2 ~ 



° 2F in (14TTU1) yields 



(4.11) 



H(D 



1 



,n+l 2F 



(-/*) 



-n-2 



Along a level set of F the righthand side is a constant times (— /*) ™ 2 , and it follows from Lemma 
4.11 that the graph of / and the radial graph of /* are hyperbolic affine spheres. 



Lemma 4.1. The following are equivalent for a locally uniformly convex function u £ C°°(f2). 
(1) There is c ^ such that 



(4.12) 



,n+2 



H(«) 



-n-2 



(2) TTie graph of the Legendre transform of u is a mean curvature c affine sphere. 

(3) The radial graph {(u(x) _1 , — u(x)^ 1 x t ) € IR n+1 } is a mean curvature c _1 affine sphere. 
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All the equivalences of Lemma |LT] are proved by direct calculations. The equivalence ([TJ <^=> ([2]) 
is Proposition 1.2 of [6] (see also the proof of Theorem 3 in [48]). The remaining equivalences were 
proved using different language in [35] (see Proposition 4.3). 

Because of Lemma 14. li to construct an afhne sphere it is enough to solve the equation (|4.12l) . 
Precisely, Cheng and Yau proved that for c < the equation (|4.12[) has on a bounded convex 
domain in R" a unique negative convex solution vanishing on the boundary of the domain, and 
that the resulting affine sphere is properly embedded and asymptotic to the cone over the sphere 
(the n = 2 case is due to [17]). The relation between the solution u of u n+2 Y\(u) = c~"~ 2 and the 
canonical potential F of Cl was explained above. It can be seen as an instance of the passage from 
a projective picture (inhomogeneous coordinates) to an affine picture (homogeneous coordinates). 
Viewing Cl as an R + principal bundle over P + (0), the function u (that is, the Legendre transform 
/*) can be understood invariantly as the section of the line bundle of — l/(n+ 1) densities on P + (f2) 
corresponding to the equivariant function e~ ir /( n + 1 ) . That the theory of hyperbolic affine spheres 
can be founded on the equation H(F) = e 2F rather than on the equation (|4.12j) seems not widely 
recognized beyond the articles [49] and |11) (in the latter, the connection is only implicit). 

4.4. In this section it is shown that the Legendre transform interchanges the canonical potentials 
of dual cones. The precise statement is Theorem 14.21 

Lemma 4.2. If F is the canonical potential of the proper open convex cone Cl C R" + , the map 
x — > Cq(x) = —dF{x) is a diffeomorphism from Cl onto Cl* . 

Proof. For x, x £ Cl, since the plane tangent to the level set of F passing through e t x is the parallel 
translate of the plane tangent to the level set of F through x, there are a unique vector v tangent 
to this plane, and a unique t £ R such that x = e t x + v. Then —x p F p (x) = (n + l)e* > 0. Since 
x is an arbitrary element of Cl, this shows —Fi(x) £ Cl* . Since the differential of x — > —dF(x) is a 
multiple of the Hessian of F, which is nondegenerate, this map is a local diffeomorphism, and so to 
prove the claim it is enough to prove that —dF(x) is a bijection. With the obvious modifications, 
this is shown just as in the proof of the analogous claim regarding the negative of the logarithmic 
differential of the characteristic function of Cl, which can be found as Proposition 1.3.4 of [17] or 
Proposition 4.1.12 of [53]- Given y.i £ Cl* the subset L — {x l £ Cl : x p y p = n + 1} is compact and so 
F assumes a local minimum at some x in the interior of L. At such an x there holds Fi(x) — Xyi, 
and so n + 1 = —x p F p (x) = —Xx p y p = — (n+ 1)A, showing A = — 1 and so yi — —Fi(x). Since F(z) 
goes to infinity as z tends to the boundary of Cl, it follows from the convexity of F that it cannot 
have two relative minima on L. This suffices to prove the claim. □ 

For a convex cone Cl let -Cl = {x £ R™ +1 : —x £ ft} and note that (—CI)* = -(0*), so that 
—CI* has an unambiguous meaning. Let Fq be the canonical potential of the proper open convex 
cone Cl. Since, as is easily verified, F^q(-x) has all the same properties on Cl as has Fq(x), it 
follows from Theorem 11.11 that F-q(— x) = Fq(x). By Lemma [4.21 the differential dF& maps Cl 
diffcomorphically onto — Cl* , and so the Legendre transform Fq is the smooth function on — Cl* 
defined by Fn(dFn(x)) + F n (x) = — n — 1. Since on —Cl* there holds 

H(Fq + n + l)(dFn(x)) = H(i^)(dF n (z)) = (H(F n )(a;))- 1 = e - 2 -^(*) = e 2(^(dF(x))+„+i) ) 

it follows from Corollary 11.11 that Fq + n + 1 < F_si* , in which F_n* is the canonical potential 
of — Cl*. From F_n(— x) — Fq(x) for x £ Cl there follows C_si(— x) = —Cq(x) — dFa(x). By a 
standard property of the Legendre transform it follows that for x £ Cl there holds 

(4.13) C* n (VdFl n )(x) - -C*_ n (VdFl n )(-x) = (VdF_ n )(-z) = (VdF n )(x), 

which shows that Cq : Cl — > Cl* is an isometry with respect to the Hessian metrics determined by the 
potentials and Fq. It follows that the Hessian of Fq + n + 1 is complete, and so a second use 
of Theorem 11.11 with the roles of F_q» and Fq + n + 1 interchanged shows that F_n* < Fq + u+1. 
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Theorem 4.2. For a proper open convex cone CI and the dual cone CI* the canonical potentials Fn 
and Fa* are related by 

(4.14) F n ,(-y) - *±± = F_ n .(y) - n±L = + li±i = {Fq _ 

/or j/ € — SI*. Moreover, the inverse diffeomorphisms Co : SI — > CI* andCn* : CI* — > 51 are isometries 
with respect to the canonical Hessian metrics and there hold: 

(1) C n (g ■ x) = g- 1 ■ C n (x) for all g e Aut(fi). 

(2) e F n(*) e F o*(Cn(,x)) = i 

(3) XTie diffeomorphisms Cn ■ CI ^ Cl* and Cn* : SI* — > SI are isometries with respect to the 
canonical metrics and are inverses, meaning Cn* o Cn = Id. 

Proof. Essentially all the claims were proved in the preceeding discussion. Note that ([2]) is a 
restatement of (|4.14j) . while (JT]) follows by differentiating g ■ F — F for g £ Aut(fi). □ 

From Theorems 14.21 and 14.11 it follows that the affine spheres foliating the proper open convex cone 
CI and those foliating the dual cone SI* are dual; this is essentially because along a level set of the 
canonical potential F the map Cn is a constant multiple of the equiaffine conormal of a level set of 
F. 

4.5. Suppose the proper open convex domain CI is homogeneous. Since for g 6 Aut(Sl) there 
hold g ■ H (log <fin) — (det£(g)) 2 H(log</>n) and g ■ (fin — det£(g)(fin, the homogeneity function 
f2 2 H(log0n) is Aut(fi) invariant. Because CI is homogeneous, (fi^ 2 H (log <fin) must be constant, and 
because Vdlog(/)o is positive definite, the constant must be positive, so there is a constant c > 
such that H(log^n) = c2< fin (this observation is implicit in the proof of Theorem 4a of [S5]; see 
also equation (6) of section 1 of chapter II of or exercise 7 of chapter I of [17]). By (|1.4[) , it 
follows from H(log<fa) = c 2 <fi 2 n that H((fi n ) = c 2 (n + 2)</>™+ 3 and H((fi n 2 ) = (-2) n (4n + 2)c 2 ^ 2n . 
By the uniqueness part of Theorem 11.31 for a homogeneous proper open convex cone there must 
hold e Fn = ccfin for some nonzero constant c. This suggests the following question: if the canonical 
potential Fn of the proper open convex cone f2 differs from log (fin by a constant, must the cone be 
homogeneous? 

Let 5ij be the standard Euclidean metric. For a proper open convex cone il define fi" = {Si P x p : 
x 6 SI} to be the proper open convex cone in (R™ +1 )* Euclidean dual to CI. Then CI is (Euclidean) 
self-dual if SI* = ClK A proper open convex cone is symmetric if it is homogeneous and self- 
dual. It is known that for a symmetric convex cone CI the function (fi^ 2 is a polynomial (see e.g. 
Theorems 14 and 15 in section 5 of chapter VI of [39]). Precisely, (fi^ 2 is a multiple of the square 
of the quadratic representation of the Euclidean Jordan algebra associated to CI. This suggests the 
following question: if, for a proper open convex cone CI with canonical potential Fn some power of 
e Fn is a polynomial, must CI be symmetric ? 

The main theorem of [37] can be rephrased as saying that the asymptotic cone of a homogeneous 
hyperbolic affine sphere is a product of (possibly one-dimensional) symmetric cones. In fact, this 
could be deduced from the polynomiality of P = e 2Fn and the Sato-Kimura classification of pre- 
homogeneous vectors spaces, for the action of Aut(G) on CI is a real prehomogeneous vector space 
underlying a complex prehomogeneous vector space having P as a relative invariant. This argu- 
ment has the virtue of applying to homogeneous affine spheres with equiaffine metrics of indefinite 
signature. As a full treatment requires some care, and discussion of the meaning for affine spheres 
of the castling transform used to define equivalence of prehomogeneous vector spaces, the details 
will be reported elsewhere. 

For a homogeneous convex cone SI and the usual characteristic function (fin, the conclusions 
(HJ-Q of Theorem 14. 2 1 are well known (see Proposition 1.1.4 and the notes to chapter I of [17]). By 
([2]) of Theorem 14. 11 ipn — e F has positive homogeneity — n — 1 and satisfies \~\(fn) — (n + 2)< / 9q +3 . 
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As is illustrated by Theorem 14.21 many things true for the usual characteristic function on a 
homogeneous convex cone are in fact true for ipn on any convex cone, and so should be understood 
as consequences of the identity tpn = afin in the homogeneous case. This suggests the point of 
view that homogeneity of ft forces e Fn to have a very nice integral representation. Is there always 
an integral representation for e Fn similar to (|1.8p ? A more precise question is the following. The 
usual characteristic function is the Laplace transform of the indicator function of the dual convex 
cone, and it follows straightforwardly that it is completely monotone. If it could be shown that e Fn 
were completely monotone, then by the classical theorem of Bochner, it would be representable as 
the Laplace transform of some measure on the dual cone (see Theorem 4.2.2 of [3]). Here that a 
function A on the proper open convex cone fl be completely monotone means that for any k > 
and any vectors v(l), . . . v(k) in fl there hold (-l) fc u(l) il . . . v(k) ih A il ..A k > 0. For A = e Fa this is 
straightforward for < k < 2, but it is not clear whether it is true for larger k. 

4.6. In this section it is explained how to construct from the canonical potential of a convex cone 
a mean curvature zero conical Lagrangian submanifold of the standard flat para-Kahler space. 

Lemma 4.3. Let F be the canonical potential of the proper open convex cone ft C and let 

u = —((n + 1) /2)e~ 2F ^ n+1 \ Then the map x — » — du{x) is a diffeomorphism from fl to ft* . 

Proof. If x,x G fl, then -x p u p (x) = e~ 2F< ~ x ^ < - n+1) x p Fp(x) > by the proof of Lemma l4~2l so 
—du{x) G ft*. By (jl.4j) there holds H(w) = —1, so —du(x) is a local diffeomorphism, and to prove 
the lemma it suffices to show that — du is a bijection. Since the components of dF have homogeneity 
-1, if du(x) = du(x) then F t (e 2F ^^ n+1 ^x) = Fi(e 2F ^)/( n+ %), and by the injectivity of -dF this 
implies x = e 2 ^ F ^ x ^ F ^ x ^^ n+1 ^x. That is there is t G R such that x — e l x. Since u has homogeneity 
2, there results Ui(x) — Ui(x) — Ui(e t x) = e t Ui(x), so that t — and x — x, showing that — du 
is injective. If y G ft* then by Lemma [4.21 there is x G ft such that yi — —Fi(x). As F maps 
each ray in fl diffeomorphically onto IR there is a unique x on the ray generated by x such that 
F(x) = -F(x). Since F{e 2F ^^ n+1 ^x) = F(x) - 2F(x) = -F(x) = F(x), x = e 2F ^^ n+1 h. 
Consequently, Vl = -Fi(x) = -F t {e 2F ^^ n+1 ^x = -e- 2F ^^ n+1 ^ F^x) = -u t (x), showing that 
—du is surjective. □ 

Endow the vector space W — R n+1 x R n+1 * with the flat para-Kahler structure generated by 
the symplectic form fl((x, y), (x, y)) = x p y p — x v y v and the split signature metric G((x, y), (x, y)) = 
x p y P + x p y p . The graph T^n in W of a one-form (3 defined on an open subset fl C R rl+1 means 
the image of the associated smooth map /3 : fl — >• W defined by (3(x) = (x,f3 x ). It is Lagrangian 
if and only if /3 is closed. A submanifold of W is conical if its intersection with any ray in W is a 
connected open subinterval of the ray. The graph L^.q is conical is and only if /3 has homogeneity 
2 in the sense that £x/3 = 2/3. There holds j3 = 2x7^/3^, so that the restriction of G to F^.n 

is a pseudo-Riemannian metric if and only if V(i/3j) is nondegenerate, in which case /3 and L^n 
are said to be nondegenerate. Lowering its last index using fl identifies the second fundamental 
form of a Lagrangian submanifold of W with a completely symmetric covariant three tensor on 
the submanifold. A bit of calculation shows that for a closed one-form /3 the second fundamental 
form of L^n is identified in this way with ViVj/3fc. It follows that the one form symplectically 
dual to the mean curvature vector field of a nondegenerate closed one-form is a constant multiple 
of Vi logdet(V/3), and so Tp :U1 has mean curvature zero if and only if detV/3 is V parallel. In 
particular, the graph of the differential dv of a homogeneity 2 function v is a conical Lagrangian 
submanifold of (W, fl, G) that is nondegenerate if V \dvj is nondegenerate, and has moreover mean 
curvature zero if and only if H(i;) is constant. Closely related constructions are described in section 
5 of [36]. 
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Theorem 4.3. Let Fq and Fq* be the canonical potentials of the proper open convex cone C 
lR n+1 and its dual fT C R n+1 *, and let u n = -((n + l)/2) e - 2Fn ^ n+1 '> and u n * = -((n + 
l)/2)e^ 2F "*/(™ +1 \ Then the graph T(-dun,ty of -du n over n and the graph r(-du n *,0*) of 
—diiQ* over f2* coincide and T(—duQ,£l) = F(— duQ*,£l*) is a mean curvature zero nondegenerate 
conical Lagrangian submanifold of the flat para-Kdhler structure (W, f), G) that projects diffeomor- 
phically onto fl and fi* under the canonical projections from W onto its factors R n+1 and R n+1 * . 

Proof. Combining Lemma 14.31 and the discussion preceeding the statement of the theorem proves 
everything except for the equality r(— dun,£l) — T(— efatn»,f2*). Since for the Legendre transform 
Uq the graph over — Q* of du n equals r(— duQ, fi), it suffices to show that UQ*(y) = Uq(—u). Since 
uq has homogeneity 2, so too has Uq homogeneity 2 and so by definition of the Legendre transform 
and the homogeneity of u Q there holds 

(4-15) &±pl = (2d^ un ( x )-i u * a ( dun ( x )) = Un (x)uUdFn(x)). 

On the other hand, by (I4.14j) and the definition of the Legendre transform there holds 

(4.16) un(x)un*(-dF n (x)) = I»^J! e -2(^(-)+^.(-«h(x)))/(«+i) = 

Comparing f|4. 1 5[) and f|4. 16[) shows un*(y) = Uq(— y) and completes the proof. □ 

A Hamiltonian action of the group R x x R x on W is generated by ordinary dilations of W and the 
product of dilation on R n+1 with the contragredient dilation on R" +1 *. Symplectic reduction gives 
rise to a para-Kahler manifold of constant para-holomorphic sectional structure on either connected 
component of the complement of the canonical incidence correspondence in P + (IR ,l+1 ) x P+(1R™ +1 *) 
in the same manner that symplectic reduction gives rise to the Fubini-Study metric on complex 
projective space. Moreover, it can be shown that mean curvature zero nondegenerate conical 
Lagrangian submanifolds of W descend to mean curvature zero Lagrangian submanifolds of these 
para-Kahlcr space forms in the same way that mean curvature zero conical Lagrangian submanifolds 
of complex Euclidean space descend to mean curvature zero Lagrangian submanifolds of complex 
projective space (a succinct review of the latter construction can be found in section 2 of [53]). Since 
it would require considerable space to record the straightforward details in full, they are omitted. 

5. Applications to Kahler affine and Monge- Ampere metrics 

In this section there are derived some general results about Kahler affine metrics involving 
conditions on the Kahler affine Ricci and scalar curvatures and utilizing Theorem 13.21 

5.1. Associated to a Kahler affine metric (V,<?) is the dual Kahler affine metric (V,<?) with the 
same underlying metric and the flat affine connection V defined by V = V + Fy- k . That V is flat 
follows straightforwardly from (|3.9[) . while that (V,g) is Kahler affine follows from F^ = Vjgjfc = 
—Fijk. Here, as in what follows, a bar indicates an object associated to (V,g). It follows that the 
Koszul forms are related by Hi = F lp p = — Fi p p = Hi. If ^ is a parallel volume form for V and F 
is a local potential for (V,g) then "J = \-\(F)^ is V-parallel. Similarly, V^F-? = Si J . It follows that 
if there is a vector field X' such that V^X 3 = 5i 3 then F = n + 1 + WF p — F is a local potential for 
(V, ff ). 

Let be a proper open convex cone with dual fl* . Combining the preceeding observations with 
Theorem 14.21 shows that the pullback of the canonical Kahler affine structure on ft* via the map 
is the Kahler affine structure dual to the canonical Kahler affine structure on Q. In particular, the 
pullback of the canonical potential of fT is Fq = n + 1 + X p Fo p — Fq. That is, Fq is essentially the 
pullback of the Legendre transform of Fq (transported to fT). This last statement is made precise 
by the following lemma. 



SCHWARZ LEMMA FOR KAHLER AFFINE METRICS 



25 



Lemma 5.1. Let fl be a domain in R n+1 and let F € C 3 (f2) be a convex function such that the 
Legendre transform of F is a diffeomorphism onto a domain D C Let V be a fiat affine 

connection on fl, let x l be coordinates on Q such that \/dx l — 0, let yi = Fi(x) be coordinates on 
D, and write V for a flat affine connection on D such that Vdy,; = 0. Then the pullback of V via 
the Legendre transform of F is the connection dual to V with respect to the Hessian metric VgLF. 

Proof. This straightforward, though notationally awkward, computation, is left to the reader. □ 

Since Kij — —ViHj — ViHj — —Kij — Fij p H p , the Kahler affine Ricci and scalar curvatures of 
(V, g) and (V, (?) are related by 

(5.1) K i:j + = -F ijp H p , k + R = -\H\ 2 g . 

On the other hand, writing if" for the vector field FL % and combining (2 H ng)ij — 2DuHj\ — 
-2Kij - Fij p H p with dSH]) yields 

(5.2) K^ - K^ = {£ m g)ij = 2D.H,. 

In particular, the vector field H % is ^-Killing if and only if the Kahler affine Ricci tensor of (V, g) 
agrees with that of the dual Kahler affine structure. 

5.2. A flat affine manifold is convex if it is a quotient of a convex domain in flat affine space 
by a free and properly discontinuous action of a discrete group of affine transformations. It is 
moreover properly convex if the convex domain is proper. Theorem 2.1 of H. Shima and K. 
Yagi's [64] shows that the affine developing map of a complete Kahler affine manifold is an affine 
diffeomorphism onto a convex domain in flat affine space. That is, the affine structure underlying 
a complete Kahler affine structure is convex. 

An interesting question is what conditions characterize those complete Kahler affine manifolds 
for which the underlying affine structure is properly convex. In [43] . J. L. Koszul showed that a 
compact fiat affine manifold (M, V) is properly convex if and only if M admits a closed one-form 
a such that V^aj > 0. A proper convex domain is said to be divisible if it admits a compact 
quotient by a discrete group of affine transformations. By Theorem 4 of J. Vey's [70], a divisible 
proper convex domain is a cone. In particular the theorems of Koszul and Vey imply that the 
universal cover of a compact Kahler affine manifold with negative Kahler affine Ricci curvature is 
a proper convex cone. 

The Euclidean metric is Hessian, so any Euclidean manifold gives an example of a (fiat) Kahler 
affine manifold with universal cover equal to the full affine space. Corollary 2.3 of [13] shows the 
related result that if a compact Kahler affine manifold (M, g, V) admits a V-parallel volume form 
then there is F <E C°°(M) such that + VidFj is a (flat) Riemannian metric with Levi-Civita 
connection V. In particular, since on a compact manifold a Levi-Civita connection is complete, 
this means V is complete, and so the universal cover of M is the full flat affine space. Combining 
this theorem of Koszul and Vey with this result of Cheng and Yau yields: 

Theorem 5.1. On a compact manifold a flat affine structure admitting a parallel volume form is 
not properly convex. 

Proof. By the theorem of Koszul and Vey, a properly convex affine structure on a compact manifold 
M has as its universal cover a proper convex cone, so is incomplete. The canonical potential 
of this cone is the potential of a negative scalar curvature Kahler affine Einstein metric which 
is invariant under the action of the holonomy representation of M, and so descends to give a 
Kahler affine Einstein metric on M. On the other hand, if the flat affine structure underlying a 
Kahler affine metric on a compact manifold admits a parallel volume form, then it is complete, a 
contradiction. □ 
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It is an interesting question whether a Kahler affine structure for which the underlying affine 
connection is complete must admit a parallel volume form. This is a version of the Markus conjecture 
for Kahler affine manifolds. 

5.3. Let (V,<?) be a Kahler affine metric and let D be the Levi-Civita connection of g. Since 
V[iKj]k = -V[iVj]iTfc = 0, ViKjk is completely symmetric, and so 2D^K^ k = -F k [i p K^ p . 
Tracing this in jk yields 

(5.3) dn t = D p K % p - \F, p "K pq + \U p K lp = g la g bc V b K c a . 

From (|5.3I) there results g pq V p ((n + l)K q 1 — n8 q % ) = ng lp dK p , from which there follows: 
Lemma 5.2. The Kahler affine scalar curvature of a Kahler affine Einstein structure is constant. 
For A £ C°°(M), a straightforward calculation using the classical Bochner formula 

(5.4) & g \dA\ 2 g = 2\DdA\ 2 g + 2A p d p A g A + 2A l A^R l:j , 
shows that 

(5.5) £g\dA\ 2 g = 2\DdA\ 2 g + 2A p d p L g A + 2A l A : >R{<x ) ) l] . 

Where u > there holds L g u x = Att A_1 (.C 9 u + (A — l)^- 1 !^). Taking u = \dA\ 2 g and A = 1/2 
and using (|5.5p yields that wherever \dA\ 2 is not zero there holds 

\dA\ g L g \dA\ g = \DdA\ 2 g - \d\dA\ g \ 2 g + A p d p L g A + A l A'R(oo). l0 

(5 ' 6) > A p d p L g A + ^(APH,) 2 + lA^Ka, 

the final inequality by the Kato inequality, (|3.10j) . and ()3.12p . 
Let a l3 = D t Hj -^D p H p g ir By (011]), 

(5-7) \DH\l = \a\l + ^ + \\H\^. 

Taking A = logH(F) in (JO) and using ([3"3T]) . ((STfj) . (|3T0|) . and (j3~T2]) yields 



(5.8) 



L g \H\ 2 g = 2\a\ 2 g - 2H p d pK + (2k + \H\ 2 g ) 2 + 2// '//• /,'.: v ;,. 

> 2\a\ 2 g - 2H p d pK + + ^\H\l + 2« 2 ) + //'// ' A,,. 



Taking A = log H(F) in (|5.6p and using p. lip yields that wherever \H\ g ^ there holds 
(5.9) \H\ g £ 9 \H\g > -H p d p K + j^\H\* + \WWK l3 . 

Theorem 5.2. Let V be a flat affine connection on an (n + 1) -dimensional manifold M and let gij 
be a complete Riemannian signature Kahler affine metric on M . If the Kahler affine Ricci curvature 
is bounded from below, Kij > —2cgij, for some c > 0, and the Kahler affine scalar curvature k 
is constant, then \H\ 2 < 4(n + l)c and —2(n + l)c < k < (V2 — l)(n + l)c/2. In particular, the 
following are equivalent 

(1) The Kahler affine Ricci curvature Kij is nonnegative and k is constant. 

(2) The Kahler affine Ricci curvature Kij vanishes. 

(3) The metric g is flat and V is its Levi-Civita connection. 

Proof. Suppose that Kij > —2cgij and n is constant. Then (|5.9p reduces to L g \H\ g > 4 ^„ 1 +1 - ) \H\ g — 
c\H\ g wherever \H\ g is not zero, which, by Theorem l3.21 yields the bound \H\ 2 < 4(n + l)c. Hence, 
if K^ > 0, then Hi = 0. By passing to the universal cover of M it suffices to prove (H} => ([3]) in 
the case M is simply connected. In this case, by the theorem of Shima-Yagi, M can be identified 
with a convex domain in flat affine space and there exists a global potential F £ C°° (M) such that 
9ij — ^idFj and H(F) is constant. By the corollary to the main theorem of [5] in this case F is 



SCHWARZ LEMMA FOR KAHLER AFFINE METRICS 



27 



a quadratic polynomial defined on all of affine space, so Fijk vanishes, and V is the Levi-Civita 
connection of g. This proves that (JTJ) implies <j3j) . As obviously ([3]) => J2]) ([I]), this proves the 
equivalence of H])-©. There remains to prove the claimed bounds on k. 

By em, 

(5.10) L g \H\ 2 g > 2\a\ 2 g + ^ (\H\* + 2(k - (n + l)c)]i?|| + 2k 2 ) . 

Because \H\ 2 g is bounded, it follows from Q3.16P that the ordinary Ricci curvature of g is bounded 
from below. Consequently the Omori-Yau maximum principle can be applied to (|5.10p . and, writing 
u = \H\ g and u* = sup M u, it yields a sequence {x^} £ M such that u(xk) > u* — k^ 1 , \du(xk)\ g < 
and A g u(xk) < Substituting these relations into (I5.10P shows that at Xk there holds 

(5.11) 1(1 + 2(ra + l)c) > i(l + i|#y > ^ ((«* - i) 2 + 2(k - (n + l)c)(«* - i) + 2« 2 ) . 

Letting /c — > oo shows that the polynomial p(x) = a; 2 + 2(« — (n + l)c)x + 2/t 2 has a nonnegative 
real root. This forces (\/2 — l)(n + l)c > k. □ 

Corollary 15.11 is due to H. Shima in [62 . It raises the question of whether the upper bound on 
K in Theorem 15.21 can be improved. 

Corollary 5.1 ([62]). On a compact manifold a Kahler affine structure (V,<?) has nonnegative 
Kahler affine scalar curvature if and only if g is a flat metric with Levi-Civita connection V. 

Proof. Suppose k > 0. Integrating (|3.1ip yields 2 J M Kd\/o\ g = — J M \H\ g dvo\ g , so that it must be 
that k = and Hi — 0, and so also Kij = 0. The conclusion follows from Theorem [52] □ 

This subsection concludes with a digression to explain that the completeness assumption in 
Theorem 15.21 is essential. In particular, there exist Kahler affine Einstein metrics (V,g) having 
positive Kahler affine scalar curvature and for which g extends to a complete metric on some larger, 
compact manifold. That g extends to a complete metric on some larger manifold might appear to 
contradict Theorem 15.21 However, while that (V,g) be complete as a Kahler affine metric on M 
means that g is a complete Riemannian metric, it also means that V is defined on all of M. This 
imposes on M the a priori quite restrictive condition that it admit a flat affine structure. In the 
cases where VdG with G as in Theorem 15.31 extends to a complete metric on some larger manifold, 
it is the case that this manifold does not admit a flat affine structure restricting to give V. 

The most important special case of the following theorem is due to X-J. Wang and X. Zhu in 
|72) . The version stated here is essentially that of [2]; see also [TB]. In the statement, a system of 
flat affine coordinates on R n+1 * dual to the coordinates x l on R n+1 is written j/j. 

Theorem 5.3 (\72\, |16j . [5J). For a bounded convex open domain ft C R" +1 with barycenter 
b e R n+1 there exists a convex function G G C°°(R n+1 *) such that H(G)(y) = C e~ G< ' y " ,+bPyp for some 
nonzero constant c depending only on Q, and such that the map y — ¥ dG(y) is a diffeomorphism 
from R n+1 onto O. 

The function v(y) = G{y) — bPyp solves H(u) = ce~ v , and its differential maps R n+1 onto the 
image of il under the translation sending b to the origin. The Hessian metric (V,g = WdG) 
generated by G on R" +1 * is Kahler affine Einstein with positive Kahler affine scalar curvature. By 
Theorem [521 this means that g is not complete. As will be explained briefly next, it can happen that 
the metric VdG extends to be complete on some manifold for which R" +1 * is a coordinate chart. 
By [75], this happens when G arises as the restriction to an open orbit of the Kahler potential of 
the Kahler Einstein metric on a toric Fano manifold with vanishing Futaki invariant. 

Let P be a Delzant polytope. This is an (n + l)-valent convex polytope satisfying certain 
integrality conditions (see [3S] for the definition). As is explained in section 2 of [TB] from P there 
can be constructed a 2{n + l)-dimensional symplectic manifold X equipped with an effective torus 
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action having moment map /i with image P, and a Lagrangian submanifold M C X such that the 
restriction to M of n is a 2™ +1 -fold covering over the interior P° of P. Let G € C°°(IR n+1 *) be 
the function given by Theorem 15.31 such that dG maps R™ +1 * diffeomorphically onto P° and let 
g = WdG where V is the flat affine structure on R™ +1 *. Then (V, g) is Kahler afhne Einstein with 
Kahler affine scalar curvature f. By Lemma [5.f I the pullback via dG of the standard flat affine 
connection on P forms with g the dual Kahler affine structure. Pushing (V, g) forward to P° via 
dG, and pulling the result back to M via \i yields a positive Kahler affine Einstein structure on 
the dense open subset M° — // _1 (P°) of M. In the case P is the moment polytope of a toric Fano 
manifold with vanishing Futaki invariant it follows from [72] that g extends to all of M . 

An explicit illustrative example in which this occurs comes from the realization of complex 
projective space as a toric variety. In this case the relevant potential is G(y) = (n + 2) log(l + 
E"=o e^/(" +2) ). It solves H(G) = (n + 2)-(' i+1 )e- G ^+^=°^/(" +2 \ and its differential maps R n+1 
onto the open standard simplex S = {sj € R n+1 : Sj > 0, ^ s i — 1} with vertices at the origin 

and the standard coordinate vectors eo, . . . , e n ; the barycenter is b = (eo H + e n )/(n + 2) (see, 

e.g., section 4 of [35] for the relevant computations). If the standard simplex is regarded as the 
Delzant polytope corresponding to the standard torus action on complex projective space, then the 
Legendre transform G* (s) = (n + 2) (£\ Sj log Sj + (1 — J2i s ») l°g(l — J2i s »)) of G is a constant 
multiple of the canonical symplectic potential of the Fubini-Study symplectic structure. 

By the projective (n + I)-sphere is meant the space of rays in a (n + 2)-dimcnsional vector 
space. A standard affine coordinate chart is given by setting one of the homogeneous coordinates 
equal to I. On such a chart, which it is convenient to regard as R™ +1 *, there are (inhomogeneous) 
coordinates zi such that the one-forms dzi are parallel with respect to the standard flat affine 
connection V. Let u(z) = (1 + Izp) 1 / 2 , where the norm is the standard Euclidean norm. The 
Levi-Civita connection D of the metric h — u~ l Uij — u~ 1 'Vdu is D = V — 2u~ 1 U( i 5j- ) k , which is 
evidently projectively flat, and it follows that ft, is a metric of constant positive sectional curvature 
defined on all of The (n + l)-dimensional projective sphere can be covered by standard 

affine coordinate charts in which the standard Fubini-Study metric has this form. The metric Uij 
is by construction Hessian with respect to V. It is straightforward to check that H(u) = u~ n ~ 3 , 
where H(u) is defined with respect to the V-parallel volume ^> = dzo A • • ■ A dz n and V. Define a 
diffeomorphism from the orthant Q = {z; > 0} in R n+1 »* to R n+1 * by y, = 2(n + 2) logs*. Then 
u(z) = e G ( y '' 2 ( n + 2 ) , and a straightforward computation shows that the pullback of the metric g 
equals 4(n+ 2)h, showing directly g has constant positive sectional curvature. Note, however, that 
the pullback of the flat affine connection V for which dyi is a parallel coframe is neither equal to V 
nor projectively equivalent to V. Geometrically the description of the projective sphere in terms 
of the potential G is obtained by regarding it as the standard cross polytope the faces of which are 
regular simplices. 

The preceeding discussion suggests that the notion of Kahler affine metric is inadequate, or, 
rather, in some sense the specialization for affine structures of some structure defined for manifolds 
equipped with a projective structure. This sense is reinforced by the remark that there are no 
compact examples with positive Chern class in the sense of Cheng and Yau ([13])) and suggests 
enlarging the notion of a Kahler affine manifold. Some much more general notions motivated in 
part by such considerations were proposed in [20) and the relevant special case is described now. 
Say that a pair ([V], [g]), on an [n + I )-dimensional manifold M, comprising a projective structure 
[V] and a Riemannian conformal structure [g] is locally Kahler affine if for every p £ M there are 
an open neighborhood U of p, a representative V of the restriction to U of [V], and a representative 
g of the restriction to U of [g], such that on U, V is flat as an affine connection and Vu^*]/. = 0. 
In particular this necessitates that [V] be projectively flat. For any pair ([V], [g]) there is a unique 
representative V € [V], said to be aligned, such that (n + l)gi 1 VjPfej = g^ 1 ViPjfe for any g g [g]. 
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It can be proved that, if n + 1 > 3, a pair ([V], [<?]) with [V] projectively flat is locally Kahler affinc 
if and only if for any g £ [g] the aligned representative V £ [V] satisfies V^ffj]* = ^r^g^ for a 
closed one-form n (necessarily equal to (l/2(n+ l))g pq V ig pq ). A pair ([V], [g]) satisfying this latter 
condition is what is called a projectively flat AH structure in |20) . 

5.4. Suppose gij — VidFj is a Hessian metric with global potential F. Using (|3.10|) there results 

(5.12) \DdF\l = (n + 1) - F p H p + \F l F'F lp *F j9 p = {n + l)- F p H p + F l F^{R(oo) l3 - \K %j ). 
Taking A = F in (|5.5|l . using -CgF = n + 1, and substituting (|5.12l) and (|3.10[) yields 

(5.13) ^gl^lg = 2|ZMF| 2 + 2F i F j R(oc) ij . 
Substituting (l3~TU)) and ([5T2]) into ([5TT5|1 . and using (|3TT2]) yields 

£ 9 |dF|2 = 2 (n + 1) - 2Ffff p + F l F J F ip *F jq * + F l F>K l3 

(5.14) = ( n + 1) + ( Jgj - V^TT) 2 + (FW ip «F 3 -, p - -^(iJPFp) 2 ) + F i F j K ij 



> {n + \) + F l F^K ir 

Using (|5.13j) yields that wherever \dF\ 2 is not zero there holds 

|dF| s £ ff |dF| g = | (£ 3 |dF|2 - I|dF| g - 2 |d|dF|2|2) = | M /| 2 - \d\dF\ g % + F*F3R(^) %J 

> F>FiR(^). l3 > ^(F p H p ) 2 + ^1- ' I- J l\, r 

the penultimate inequality by the Kato inequality, and the last inequality by p. 101) and (|3.12l) . 

Since both H p F p and \dF | 2 are unchanged if F is replaced by e r F, an inequality of the form 
H p F p > b\dF\g makes sense. 

Lemma 5.3. Let V be a flat affine connection on the (n + Y)- dimensional manifold M, and suppose 
F £ C°°{M) is such that — VidFj is a complete Riemannian metric on M . If there are constants 
b > and c > such that H p F p > b\dF\ 2 and K i3 > ~2cg i3 then sup M \dF\ 2 g < 4(n + l)c&~ 2 . If 
moreover, \H\ g is bounded from above, then sup M \dF\ 2 g > (n + l)/(2c). 

Proof. The inequality (|5~15j) simplifies to £> g \dF\ g > j(£p^\dF\ 3 g - c\dF\ g . By Theorem O 
sup M \dF\ 2 < 4(n + l)c6~ 2 . Let u = \dF\ 2 and u* = sup M \dF\ g . If \H\ 2 is bounded from above 
by Q 2 > then by (|3.16[) the ordinary Ricci curvature of g is bounded from below. Since the Rlcci 
curvature is bounded from below and g is complete, by the Omori-Yau maximum principle there is 
a sequence of points {x^} C f2 such that u(xk) > u* — fc _1 , \du(xf c )\ g < fc _1 , and A g u(xk) < k^ 1 . 
Substituting this into (|5 . 14[) yields that at x^ there holds 

(5.16) fc _1 (l + Q/2) > k- 1 + \\H\g\du\ g > L g u > n+ 1 - 2cu > n+ 1 - 2cu*. 

Letting k — > oo yields u* > (n + l)/(2c). □ 

Corollary 5.2. The canonical potential F of a proper convex domain Q C satisfies (n+l)/2 < 

snp n \dF\ 2 g <n+l. 

Proof. If H(F) = e aF for some a/0 and g^ = VidFj is complete, then the hypotheses of Lemma 
15.31 are satisfied with b = a and c = a/2, and Lemma I5T31 yields that (n + l)a _1 < sup M \dF\ 2 < 
2(n+l)a~ 1 . □ 

In fact, by Theorem l4.11 when M is a proper convex cone F must be logarithmically homogeneous 
and \dF\ 2 = 2(n+ l)a _1 , but this is a nontrivial consequence of Corollarv ll.il On the other hand, 
for a bounded convex domain the canonical potential, being a strictly convex function tending to 
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+00 on the boundary of the domain, has a unique minimum in the domain, so in this case \dF\ 2 g is 
certainly not constant. 

5.5. Skewing 
(5.17) 

in ij and tracing it in yield 
(5.18) D {l F j]kl = 0, D p F ijp = DiF jp p = D t H r 

The completely symmetric trace-free tensor Aijk defined by 
(5-19) A ijk = F ijk - ^H^g^ + ^-{H]' HiHjH k , 

satisfies 

(5.20) H p Aij p = H p F ijp ^\H\l 9l] = -2 (k i3 ^ng^ + D.H, - ^ I D p H p9i j) , 

so that H p Aij p = if W is Killing and (V,<?) is Kahler affine Einstein. This observation and the 
identity (I5.18[) suggest that interesting conditions on a Kahler affine metric are that W be Killing 
or conformal Killing for g. In this regard, observe: 

Lemma 5.4. For a Kahler affine Einstein metric (V,g) on a compact manifold M there hold 

(1) The vector field W is parallel with respect to the Levi-Civita connection D of g, and if g is 
not flat then FL % is nowhere vanishing and satisfies WW Rij — 0. 

(2) The dual Kahler affine structure (V,g) is Kahler affine Einstein, and R = n = — ^\H\ g . 

(3) The affine structures determined by V and V are radiant with radiant vector field X 1 = 
(n + ^K^W. 

Proof. By Theorem l5.21 a complete Kahler affine Einstein metric is either flat or has negative Kahler 
affine scalar curvature. In the flat case W is V-parallel and V is the Levi-Civita connection of g, so 
W is D-parallel. In the case k < 0, since k is constant there holds — Vi('aks~ 1 (n+ l)Hj) = g^j > 0. 
If M is compact, then by the theorem of Koszul and Vey the universal cover of M is a proper convex 
cone. Since the universal cover is simply connected, there is a globally defined primitive F of 
— ( !i ~)Hj, and so F is also a global potential of g. Since the lifted metric is complete, by Corollary 
11.11 there is a constant c such that -^jF + c is the canonical potential. This implies DiFj — 0, so 
also DiHj = 0, which shows that the vector field on the universal cover dual to the Koszul form 
is Killing, and so the same is true on the original manifold. That (V,<?) is Kahler affine Einstein, 
and k = k = — gl-fflg follow from (15.11) and (|5.2[) . Since Hi is parallel, it is either identically zero 
or nowhere-vanishing, and if K < 0, it must be that Hi is nowhere vanishing. It then follows from 
(f575T) that WW Rij = 0. Since DiHj = 0, by (JSTIJ there holds (n + l)H p F ijp = -2/t#y, and so 

(5.21) WiW = -IU 1 - Fi * p H p = ^6^. 

This shows that X 1 = (n+ l)n~ 1 H l satisfies V;X J = Si J ', so V is radiant. By ([2]), V is radiant with 
the same radiant vector field. □ 

It is unclear whether any kind of converse to Lemma [5.4l is true, that is whether a complete Kahler 
affine metric for which W is ^-Killing must be Kahler affine Einstein. Suppose DiHj = 0. Then 
D P H P = and \H\ 2 g is constant, so k is constant as well. Substituting these observations in (|5.8|) 
and simplifying the result using f|3 . 10[) yields WW Rij — 0, or, what is the same, WWFi V q Fj q p = 
WW H k F^k. However, this does not seem to be enough to conclude that the given Kahler affine 
metric is Einstein. 



DiFjki — Fijki — p Fki) 
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5.6. This section gives the proofs of Theorems 1 1 . 4lfTT6l For the remainder of this section, let F be 
the canonical potential of the proper open convex cone ft C R n+1 . There will be used repeatedly 
and without further comment the identities X 1 — —F l , Hi = Fi p p = 2Fi, DiFj — 0, and those 
obtained from them by differentiation. The tensor Aijk defined in (|5.19[) becomes 

(5.22) Aij k = F r]k + ^jX(igjk) - ■^ I )rX. i X J X fc . 

It is determined by the requirements that it be trace-free, that X. k Aijk = 0, and that in the directions 
tangential to a level set of F it agree with F^k- Since by Theorem 14. II a level set of F is a totally 
geodesic submanifold of ft, using (|4.4|) it can be shown that the restriction of Ay^ to a level set 
of F is the Pick form of the level set. Since A^k differs from Fijk by a parallel tensor, it follows 
from (f5T8|) that D^A^ M = and D p A tjp = D p F ijp = DiHj = 2D { Fj = 0. As a result of these 
identities, wherever A is not zero there holds the refined Kato inequality 

(5-23) \DA\l > ^\d\A\ g \ 2 g . 

The inequality (|5.23l) is a special case of Lemma 6.4 of [20], or could be deduced from the results 
in section 6 of |S]. Using the Ricci identity and the aforementioned symmetries of DiAjki yields 

(5.24) AgAijk — D p DpAijk = D p DiAjk p = —A^ pq R P ij q — Aj pq R P ik q + Ajk p Ri P . 

It is convenient to introduce Ayy = 2Aku p Aj]i p , which has the symmetries of a Riemannian 
curvature tensor. Note that A p ij p = Ai p q Aj q p . Using (|3.9I) there result 

(5.25) Fij p F k i p = Aij p A k i p + -^^gijgki ~ ^^X^A,-^ + p^pjp ^■(idj)(k^-i) ~ ( ra +i)=* XjXjX fc X;, 

\A ijk i + ^g k [i9j]i + ^pxF _ XkX[i9j]i) , 

\A ip q A :jq p - 2qpi (gij ~ ^XiXjJ , R g = \\A\ 2 g - n( ™ +1 1) . 

The lower bound in (fLTTj) of Theorem Ol follows from ([536]) . Substituting (pT26| in ([5~24| yields 

(5-27) AgAijk = jA^ij a Aty q p A ap q — ^Ai a ' A^ c A/ :c b — A^^. 

(kos,\ 4^' fc A A--, — ^4 q A- p A i b A? . a — 1 A i ^ k A ■ b A- l c A, b _l4l 2 

yo.^O) i\ L-±gSi Z jk — ^s±i P s\.j q /l a -f 1 b 2 la 3 b kc \ \g' 

The next part of the argument is an adaptation of section 5 of Calabi's [6] . The details of some ten- 
sorial computations omitted in [6] are included because although elementary, they are not apparent 
at a glance. Define <j>(x) — sup u6Txn {(u l M J A ip q Aj q p ) 1 / 2 : \u\ 2 — 1}. FixpS ft and let v be a gf-unit 
vector in T p ft for which wV A(p)^ p q A{p)j q p takes its maximum value. Since e v is a g-unit vector in 
T e t p fl, it follows from the logarithmic homogeneity of F that <f)(tp) > e^v^^ A(e t p)i q p A(e t p)j P q — 
4>{p). Since the same argument shows 4>(p) > (f>(e t p), it follows that (f> has homogeneity 0. In a 
g-geodesically convex neighborhood of p extend v to a vector field by D-parallel transport along 
D-geodesics emanating from p and consider 4>{x) — {v{x) l v{xy A{x)i P q A(x)j q p ) 1 ^ 2 . The vector v 
itself can be viewed as a V-parallel homogeneity vector field V on ft. Since for any homogeneity 
vector field A there holds X'D.A = 0, it follows that the vector field e - F / ( - n+1 ^V is D-parallel 
along the integral curves of X. Hence v(e t p) must equal e~ F ( e p ))/( n+1 )v(p) = e t v(p). This shows 
that e/0(X) vanishes at p. By definition <p(x) < 4>(x), with equality when x is a multiple of p, in 
particular when x = p. 

To show a differential inequality for L g <p in the barrier sense (what Calabi calls the weak sense 
in [4]), it suffices to show the differential inequality for L g <j>. By construction DiV J and A g v J vanish 
at p. Because d</>(X) vanishes at p, at p there holds L g 4> = A g 4>. If <f>(p) = (f>(p) 7^ 0, then at p there 



(5.26) 



Rijkl — 



Rij — 
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holds 

(5.29) + £~ WW (A ku v A lv u D a A ip q D a A jq * - A ip q A ku v D a A jq p D a A lv ") 
>vVA^A a A m . 

Here has been used 

2vVv k v l (A ku v A lv u D a A ip q D a A jq * - A ip q A ku v D a A 3q p D a A iv ") 

(5.30) = vVv k v l (A k uv D a A l ** - A k pq D a A t uv ) {A luv D a A ]pq - A lpq D a A puv ) 

= {v l v k (A k ™D a A w - A k pq D a A t »*)) (W (A luv D a A Jpq - A lpq D a A puv )) > 0, 

the final inequality because the penultimate expression is simply the squared norm of the 5 index 
tensor v^v 1 (Ai uv D a Aj pq — Ai pq D a A puv ). Substituting (|5.27|) in (|5.29p yields 

(5.31) fc g j> > \v l v>A ip q A aq p A ]U v A a v » + \v l v 3 A iabc A 3 abc - ft. 

For any symmetric two tensor Bij, the nonnegativity of v l v 3 Bi a Bj b implies that its trace satisfies 
v^BipBjP > v i v^v k v l B ij B kl . Applied with = A ip q A jq P, this yields 

(5.32) v^Aip q A aq P A JU v A a v u >4> 4 . 
Similarly, 

«V'46c^i abc > v i viv k v l {A iabk A j ab , + A iakc A, a , c ) 

= 2v i v^v k v l A iabk A j ab t = 2vVv k v l A l{ab)k A J ^ 

In n dimensions any symmetric two tensor CV, satisfies nC pq C pq > (C p p ) 2 . Since C ab = v l v A^ ab \ k 
vanishes when contracted with X a or with v a , it can be viewed as a tensor on the (n— l)-dimensional 
orthogonal complement of the span of X and v. Since C p p = v l v 3 Ai p q Aj q p = cp 2 , there results 
(n - l)v i v j v k v l A l{ab)k A J ( Qfc ) i > 4> 4 . In ([03]) this yields 

(5.34) uV'Aaftc^ Qbc > ^T0 4 - 
Substituting (|5.32l) and (I5.34[) into (|5.31|) yields that at p there holds 

(5.35) fC fl ^ > ^t^ 4 - 2 . 

In the case that (f>(p) = 4>(p) = the inequality (j5 -35[) is trivially true. It follows that 
(5-36) > j^ft - <j>, 

holds in the barrier sense. Were Theorem 13.21 known to hold also for a differential inequality valid 
in the barrier sense, applying it to (|5.36|) would yield cj) 2 < ^~r^ , and so jAi p q Aj q p < ^pj, 
which in (|5.26p implies Rij < 0. Since it has not been shown that Theorem 13.21 is valid in this 
generality, there is outlined now a direct proof. This follows closely the proofs of Lemma 5.3 and 
Theorem 5.4 of [5] which show the nonpositivity of the Ricci curvature of a complete hyperbolic 
affine sphere. The only substantive modifications of Calabi's arguments are that the affine mean 
curvature, dimension, and distance comparison theorem have to be replaced by the appropriate 
corresponding objects in the metric measure sense. It is convenient to define k = (2n+ l) -1 / 2 and 



(5 ' 37) * = V4( n -l)(2n+l)' 
so that, by (|5.36|) . there holds 

(5.38) L g 4> > {2n+ 1)0 3 - }. 
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That the Ricci curvature of g be positive at p is equivalent to the requirement that there be a 
positive constant a such that </> 2 (p) > a 2 > k 2 . Let f(t) solve the differential equation 

(5.39) f(t) + (2n + l)«coth(Kt)/(t) = (2n + l)(/ 3 (<) - k 2 /(*))> 
with the initial conditions /(0) = a and /(0) = 0. Since 

(5.40) | (sinh 2n+1 = (2n + 1) sinh 2n+1 («i)(/ 3 - k 2 /) 

is positive when f(t) > a, / is strictly positive for f > 0. For the positive constant 

\ bAL ) - (2«+3)(a2- K 2) , 

the function u(t) = ab(b + 1 — cosh(Ki)) -1 satisfies the differential inequality 

v + (2n + l)/ccoth(«t)t> - (2n + l)(w 3 - k 2 u) 

= (cosh 2 ( K i) - 2n(6 + 1) cosh(Kt) + (2n + 1)(6 + l) 2 - (2n + l)a 2 6 2 ) < 0, 

as well as the initial conditions v(0) = a and w(0) = 0. As in the proof of Lemma 5.3 of [6], it follows 
that f(t) — v(t) does not achieve a maximum in the interior of the common domain of regularity of 
/ and v, and that in consequence / blows up as t approaches the boundary of the interval (—6,6), 
where 

(5.43) 6 = ^ arccosh(l + b) < arccosh (l + ggg^ ) • 

Let r be the ^-distance from p and let u = f(r). By the preceeding, (f> — u tends to — oo uniformly 
on the boundary of a compact domain on which it therefore attains a maximum at some point q. 
At q its value is necessarily positive, since its value at p is positive. Arguing as in the proof of the 
corollary on page 53 of |3], and using Theorem 13.31 with A = 1, yields that the function u satisfies, 
in the barrier sense, the differential inequality 

(5.44) L g u < f(r) + kT 1 coth(/cr)/ (r) = (2n + l)(u 3 - k 2 u) = (2n + l)u 3 - u. 

Together (|5.38p and (|5.44[) show that there holds L g (<j) — u) > at the point q. This contradicts 
the generalized maximum principle of [4]. It follows that the Ricci curvature of g is nonpositive. 

If Qijk is a completely symmetric trace-free tensor, then the nonnegativity of the completely 
trace-free part of Qk[i p Qj]ip implies the inequality 

(5.45) \Qip q Qjq P Q a b ~ 2Q ^ Q ia Qj b Qkc > 4n(n+l) \Q\g- 

This is proved in section 6 of [20] and is implicit in section 2 of [5J. However, since Aijt^ k = 0, 
Aijk can be treated as a tensor on a space of one-dimension less, and so (|5.45[> holds for A^, but 
with n + 1 replaced by n. That is, 

(5.46) f A ip «A jq PA 1 „ b Ai b a - \A^ k A ia b A jb c A kc b > ±0^\A\% 
Combining (jS~231) . JOl, and fTg)]) yields 

(5.47) ±A g \A\ 2 g = \DA\l + A^A g A l]k > *$\d\A\ g \l + j^\A% - |A| 2 . 
Setting u = |A|^"" 1)/( " +2) , it follows that where \A\ g ^ there holds 

(5.48) A sU >^( 3 ^^ 2 («+ 2 )/(»- 1 )- u ). 
Applying Theorem 13.21 to (|5.48p yields the bound 

(5.49) <\A\l<^±, 



34 



DANIEL J. F. FOX 



which in conjunction with the expression for R g in (|5.26|) shows that R g < 0. Of course this follows 
from Rij < 0. However the cases of equality in (|5.49|) are of interest in their own right. If R g 
is constant and equal to either or —n(n — l)/(n + 1) then one of the equalities holds in (|5.49|) . 
In (|5.47l) this forces DA = 0, and so also DiFjki = 0. Hence DiRjkip = 0, so (£l,g) is a locally 
Riemannian symmetric space. Since g is complete and Q is simply connected, (f2, g) is in fact a 
globally Riemannian symmetric space, and so homogeneous. This completes the proof of Theorem 

Proof of Theorem \1.4\ For u,v £ R n+1 the ordinary Schwarz inequality applied to the pairing of 
the symmetric tensors v p F p ij and UiUj yields (v l u : 'u k Fijk(x)) 2 < v % v* Fi p q Fj q p \u\ A g . By (|3.9j) . the 
nonpositivity of Rij implies v l v' J 'Fi P q Fj q p < A\v\ 2 . Taking u — v there results (v l v :j v k Fijk(x)) 2 < 
4:\v\g, showing that F is 1-self-concordant. The — (n + l)-logarithmic homogeneity of F shows 
(v l Fi(x)) 2 < (n + l)\v\ 2 , and so F is an (n + l)-normal barrier for f2. □ 

Corollary 5.3 (Corollary of Theorem 11.51) . On a compact (n + 1) -dimensional manifold M the 
ordinary Ricci curvature Rij of a Kahler affine Einstein metric (V, g) with negative Kdhler affine 
scalar curvature satisfies > Rij > ^ptgij and is degenerate in the direction of H l . 

Proof. By the main theorem of [43], since ViHj > 0, the universal cover of M is a proper convex 
domain in flat affine space. By Theorem 4 of |70j a divisible proper convex domain is a cone, and 
so the universal cover of M is a proper open convex cone and the claimed bounds on Rij follow by 
applying Theorem 11.51 to the lift of the given Kahler affine structure to the universal cover. The 
degeneracy of R^ in the direction H 1 was proved in Lemma 15.41 □ 

5.7. Recall from section ["1.101 that a Monge- Ampere metric means a Kahler affine metric for which 
Kij — 0. Let F € C°°(f2) be the canonical potential of the nonempty proper open convex cone 

C R n+ . In the following there are sought functions ip so that ip(F)ij is a Monge- Ampere 
metric on some subset of f2. This idea for finding such metrics goes back to [7], where it was used 
to construct a Monge- Ampere metric with a potential radial on R n+1 \ {0} (see the penultimate 
paragraph beginning on page 18 of [7j). The same idea was applied in [51] to construct more 
examples; see remarks below. 

Let B e R x . By HI]), H(ip(F)) = B if ip solves the differential equation ip(t) n ((n + l)$(t) + 
ip(t))e 2t — B, or, what is equivalent, 

(5.50) f t [e t ij{t) n+l + Be"*) = 0. 

There must be a constant C £ R such that ip(t) n+1 = e'\C - Be^ 1 ). Since i/j(F) tj = ip(F)F tj + 
ip(F)FiFj, it is evident that for ip(F)ij to be a metric it must be that ip(F) ^ 0. In this case 

(5.51) (n + = i> (Be-^m-^- 1 - l) = ^ (^=£) , 
and so 

(5-52) = ip(F) (g l3 + ^ fiF 3 ) . 

It follows that on the tangent space to a level set of F, ip(F)ij is positive or negative definite 
according to whether ip(F) is positive or negative. Hence where nondegenerate ip(F)ij is either 
definite or has signature (n, 1) or (1, n). Since replacing ip(t) by —ip(t) flips the signature, attention 
will be restricted to the case in which ip(F) > 0. Since ipiF^WW = (n+l)ip(F)B(Ce F - B)- 1 , the 
resulting metric will be Riemannian or Lorentzian according to whether B(Ce F — B)^ 1 is positive 
or negative. If B and C have opposite signs or C = then B(Ce F — B) -1 < 0, so any resulting 
metric will be Lorentzian; however it can be defined on all of ft. If B and C have the same sign 
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(in particular, C ^ 0) then B{Ce l — B)^ 1 > if and only if t > \og(B/C), so any resulting metric 
will be positive definite on the region {x € ft : F(x) > \og(B /C)}; however such a metric will not 
extend to all of ft. 

The three cases C — 0, C > > B, and B, C > (yielding ip(t) > for at least some t) will be 
considered separately. In the third (Riemannian) case, B, C > and 

yj(t)= f (Ce- S - Be- 2s ) 1/{n+1) ds 

(5-53) JlOSiB/C) 

_ B v(n+i) r / C „ +n i/(n+r 



n+1 



-t/tn+l) 



is well defined for t > log(S/C), and for i > log(B/C) satisfies ^(t) > and Be~\C '-Be' 1 )- 1 > 0, 
so the resulting metric ip(F)ij is a Riemannian signature Monge- Ampere metric on {x G ft : > 
log(B/C)}. The second equality in (|5.53l) results from the change of variables r = e~ s ^ n+1 \ and 
corresponds to working with the homogeneity 1 function e~ F ^ n+1 ^ in place of F. The resulting 
metric is determined up to positive homothety by the parameter B/C. Taking B = C = (n+ l)' l+1 
the resulting metric (|5.53[) is just as in Proposition 1 of |52) . 

Since F(x) tends to oo as x tends to the boundary of £1 and to — oo as x runs out to spatial 
infinity along a ray contained in f2, the region {x € ft : F(x) > log(i?/C)} is the open subset 
of £1 bounded by the boundary of fi and the affine sphere T,i og (B/c)(F, ft), or, what is the same, 
the union of the open line segments contained in ft and running from the origin to some point of 
Tii og r B /Q\(F,ft). This proves Theorem 11.71 

For a e R x the function *(t) = a e- 2t ^ n+1 ^ solves ([530]) with B = (-l) n (2a/(n + 1))™ +1 and 
C = 0. In order that ip(t) > suppose a < 0. Since, by its logarithmic homogeneity, F maps ft 
onto R, the resulting Lorentzian metric ip(F)ij is defined on all of ft. If C > > B then 

(5.54) m = f (Ce~ s - Be- 2s ) 1/{n+1) ds = (-B) 1 '^ f e - s /("+D ( e " s - C/B) 1/{n+1) ds 



solves (15.50)) and has ip(t) > for all t e R. Since B{Ce l - B)^ 1 < 0, the resulting metric 
ip(F)ij is Lorentzian and defined on all of 17. Evidently this metric is determined up to positive 
homothety by the ratio C/B. If B is normalized to be —1 (in the C = case, this amounts to 
taking a = — (n + l)/2) then 

(5.55) = e-^+D (e-* + C) (f, - ^ (f^) ^) . 

Proof of Theorem ] 1.81 The level set Tl r (F, ft) is a hyperbolic affine sphere complete in the equiaffinc 
metric. From (|2.1I) and (|5.55|) with C — it follows that the equiaffine metric is a positive constant 
multiple of the restriction to H r (F, ft) of k, so that E r (i r , ft) is a complete spacelike hypersurface. 
Let v = y/n + le~ F /( n+1 \ so that u — —v 2 /2. The equiaffine metric on Ti r (F, ft) is the restriction 
of the tensor hij defined in f|4.4[) , and from the identity 



(5.56) kij = t> 2 /< n+2 >/iy - v iVj , 

it is apparent that (ft, kij) is isometric to R + x So(i r , f2) equipped with the metric on the righthand 
side of (|5.56[) . The global hyperbolicity of kij follows. □ 

5.8. For a proper open convex cone ft with canonical potential F the associated functions v = 
— (n + l)e _i? ^ n+1 ) and u = — v 2 /2 have the following properties: 

(1) The function v is negative, has positive homogeneity 1, is convex, vanishes on the boundary 
of ft, has Hessian of rank n, and solves H(u) = 0. 
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(2) The function u is negative, has positive homogeneity 2, is convex, vanishes on the boundary 
of Q, has Hessian with signature (n, 1), and solves H(it) = — 1. 

The foliation determined by the distribution spanning the kernel of the rank n + 1 — k Hessian of a 
convex function on R n+1 is called in [18] the Monge- Ampere foliation of the function (see also 
[30j). The Monge- Ampere foliation of the function v of (flj is the foliation of 57 by rays through 
the origin. It would be interesting to prove the uniqueness, on a proper convex cone Q, of either a 
negative convex solution of H(u) = having Hessian of rank n and vanishing on dfl or a negative 
solution of H(it) = —1 having Hessian of signature (n, 1) and vanishing on dft. 
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